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Chapter 1
The Black-Scholes Theory of Derivative Pricing

1.1 Market Model

One riskless asset (savings account):

dﬂt — rﬁtdta (1)

where r > 0 is the instantaneous interest rate.
Setting By = 1, we have 8, = "t for t > 0.

The price X; of the other asset, the risky stock or stock index,
evolves according to the

stochastic differential equation
dXt = MXtdt + O'Xtth, (2)

where 1 is a constant mean return rate, o > 0 is a constant

volatility and (Wy)>o is a standard Brownian motion.



1.1.1 Brownian Motion

A Brownian motion is a real-valued stochastic process with
continuous trajectories that have independent and stationary
increments. The trajectories are denoted by ¢t — W, and for the

standard Brownian motion:
o Wy=0;

e for any 0 < t; < --- < t,, the random variables
(Wi, Wiy — Wy oo Wy — W, ) are independent;

e for any 0 < s < t, the increment W; — Wy is a centered

(mean-zero) normal random variable with variance
E{(W; —W,)?} =t —s. In particular W; is N'(0, t)-distributed.

F: denotes the o-algebra generated by (Wjs)s<¢, the information on

W up to time t.



Conditional characteristic functions

For0<s<tand u € IR

u?(t—s)

E{eiu<Wt—Ws>|fs} — e (3)

If W is a Brownian motion, by independence of the increment
Wi — Wy from the past Fj, the left-hand side of (3) is simply

B {eiu(Wt—Ws)} |

which is the characteristic function of a centered normal random

variable with variance ¢ — s, and is equal to the right-hand side.

Conversely, if (3) holds, then the continuous process (W;) is a

standard Brownian motion.



(Gaussian white noise

This independence of increments makes the Brownian motion an
ideal candidate to define a complete family of independent
infinitesimal increments dWy, which are A/(0, dt)-distributed
(centered, normally distributed with variance dt) and which will
serve as a model of (Gaussian white) noise.

The drawback is that the trajectories of (W;) are not of bounded
variation.

Let tp =0<t; <---<t, =t be an evenly spaced subdivision of
0, t] so that t; —t;—1 = t/n. The quantity

JE{DWM - W} =Wy} = m/ LB}

goes to +o00 as n ' +o0.
The integral with respect to dW; cannot be defined in the usual way
“trajectory by trajectory”.



1.1.2 Stochastic Integrals

For T fixed, let (X;)o<¢<T be a stochastic process adapted to
(Ft)o<t<T, and such that

JE{/OT(Xt)th} < Hoo. (4)

Then fortg =0<t1 < ---<t,, =t <T we have:
mn 2 T

FE <Z X,y (Wti — Wti1)> = IF {Z (Xt¢_1>2 (t; — til)}
=1 i=1

The Brownian increments on the left are forward in time and the
sum on the right converges to IF {fg(XS)st} which is finite by (4).



The stochastic integral of (X;) with respect to (W;) is defined as a

limit in the mean-square sense (L*(Q))

+ n
/O XdeS = ngr—l{loo;Xti_l (Wtz — Wt¢_1) ) (5)

as the mesh size of the subdivision goes to zero.

As a function of time ¢, this stochastic integral defines a
continuous square integrable process such that

E{(/OtXSdWS)2} _ E{/Otxgds}, (6)

and has the martingale property

t S
E {/ XadWy | fs} —= / XudW, P-as., fors <t (7)
0 0

as can be easily deduced from the definition (5).



The quadratic variation (Y ') of the stochastic integral
Y; = [o X,dW, is given by

n

t
V)= lim SV, — Vi) = / X2ds (®)
1=1

in the mean-square sense.

Stochastic integrals are zero mean, continuous and square
integrable martingales.
It is interesting to note that the converse representation result is

also true: every zero mean, continuous and square integrable

(F:)-martingale is a Brownian stochastic integral.



1.1.3 Risky Asset Price Model

Differential form:

dX
7: —  udt + odW,
Integral form:
t t
X; = X0+u/ XSdS—I—O'/ X . dW,
0 0

General class of stochastic differential equations driven by a

Brownian motion:
dXt = /,L(t,Xt)dt—l—O'(t,Xt)th,

or in integral form

t t
X = X +/ (s, Xs)ds + / o(s, Xs)dWs.
0 0

(10)

(11)

(12)



Usual calculus does not apply!

The solution X; of (9) is NOT given by
Xo exp(ut + oWy)

This is not correct because the usual chain rule is not valid for
stochastic differentials. For instance

t
W2 #£2 / W dW,
0

as might be expected since, by the martingale property (7), this
last integral has an expectation equal to zero but I {Wf} =t.

This discrepancy is corrected by Ito’s formula .

10



1.1.4 1t6’s Formula

The purpose of the chain rule is to compute the differential
d(g(Wy)) or equivalently its integral g(Wy) — g(Woy).
Using the subdivision tg =0 < ¢ --- < t, =t and Taylor’s formula:

n

g(Wt)_g(WO) — Z(g(Wti)_g(Wti—l))

1=1

— Zg/(Wti—l)(Wti - Wti—l)
1=1

1 n
+§ ;g//(Wti—l)(Wti o Wti—l)z + R

where R contains all the higher order terms.

If (W;) were differentiable only the first sum would contribute to
the limit as the mesh size of the subdivision goes to zero, leading to
the chain rule dg(W;) = ¢/ (Wy)W/dt of classical calculus.

11



In the Brownian case (IW;) is not differentiable and, by (5),
the first sum converges to the stochastic integral

t
/ g’ (W4)dW.
0

The second sum, like the quadratic variation (8), converges to

1t
—/ g" (Wyg)ds.
2 Jo

This can be seen by comparing it in L? with
23 g (W, )(ti —ti—1). The higher order terms contained in R
converge to zero and do not contribute to the limit, which gives the

simplest version of Ito’s formula:
t

g(W;) —g(Wo) = /0 g’ (W5)dWy + %/0 g’ (Wg)ds (13)

12



I1to’s formula in differential form:

dg(We) = g/ (Wo)dW, + _g”(We)dt, (14)

More generally, when X; satisfies (11)
dXt = ,u(t, Xt)dt -+ O'(t, Xt)th,

and g depends also on t, one has

dg dg 1 0%g
dg(t, Xt) = a—(tht)dt+ %(taXt)dXt + 5@(taXt)d<X>t, (15)
where (X)¢ = fo (s, Xs)ds is the quadratic variation of the

martmgale part of X;.
In terms of dt and dW, the formula is

2

_ (9 d9 1 5 0°g g
dg(t,Xt> — <8t + ,u(t,Xt)ax + 20' (t7Xt)a;U2> dt + O-(t’Xt)axth7 (16)

where all the partial derivatives of g are evaluated at (t, X;).

13



Application to the discounted price g(t, X;) = e " X}

de"X;) = —re "' Xudt+e "dX,
= e " (—rXy +pt, X)) dt + e "o (t, Xy)dWy (17)
= (u—r)(eT"Xy)dt + o (e Xy) dWy.

The discounted price )Zt — e "X, satisfies the same equation as

Xt where the return p has been replaced by p — r:

dX; = (4 — r)Xdt + o X dWy. (18)

Integration by parts formula
d(X:Yy) = XudYi+YidXy +d(X,Y), (19)
where the covariation (also called “bracket”) of X and Y is given by

d<X, Y>t = Ux(t,Xt)O'y(t,i/t)dt.

14



1.1.5 Lognormal Risky Asset Price
dXt == Xt (ILLdt —+ O'th)

gives by Ito’s formula

1
legXt = (,LL — 50'2) dt + Uth —
L
log X; = logXo+ p—350 t+oW, —
L
X¢ = Xgexp (,u—ia 1t + oWy | . (20)

The return X;/ Xy is lognormal and the process (X;) is called a
geometric Brownian motion. which can also be obtained as a
diffusion limit of binomial tree models which arise when the

Brownian motion is approximated by a random walk.

15
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Figure 1: A sample path of a geometric Brownian motion, with u = 0.15,
o= 0.1 and Xo = 95. It exhibits the “average growth plus noise” behavior

we expect from this model of asset prices.
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1.2 Derivative Contracts

Derivatives, also called contingent claims, are contracts based on

the underlying asset X;.
1.2.1 European Call and Put Options

A FEuropean call option is a contract that gives its holder the right,
but not the obligation, to buy one unit of an underlying asset for a
predetermined strike price K on the maturity date T'. If X is

the price of the underlying asset at maturity time 7', then the value

of this contract at maturity, its payoft, is

Xr—K if Xo>K
MXp) = (Xp—K)yt=4 °7 0 T (21)
0 if X0 < K,

17



Similarly a Furopean put option is a contract that gives its holder
the right, but not the obligation, to sell a unit of the asset for a
strike price K at the maturity date T'. Its payoft is

K — X if X < K
h(Xr) = (K — Xp)* = R (22)
0 if X0 > K,

More generally standard path-independent European derivatives are

defined by their maturity time T and their payoff function h(x).

At time ¢t < T this contract has a value, known as the derivative
price, which will vary with ¢ and the observed stock price X; (by
the Markov property which we will explain later). This option price
at time ¢t and for a stock price X; = z is denoted by P(t,x) and the
problem of derivative pricing is to find this pricing function.

18



A naive approach

P(0, x)

E{e " h(Xr)} (23)
= F {e_TTh (we(“_é)TJ“JWT)} : (24)

The expectation reduces to a Gaussian integral since Wy is

N (0, T')-distributed.

In general (unless p = r) the option price given by formula (23)
leads to an arbitrage opportunity, meaning that there will be a
risk-free way to make a profit by managing a particular portfolio.
This is one of the key ideas presented next that is used to

determine the fair, or no-arbitrage, option price.

19



1.2.2 American Options

An American option is a contract in which the holder decides
whether to exercise the option or not at any time of his choice
before the option’s expiration date 1. The time 7 at which the
option is exercised is called the exercise time, it satisfies

{r<tteF forany t<T

and is called a stopping time with respect to the filtration (F3).

For an American call option the payoff is h(X,) = (X, — K)* for a
given strike price K and a stopping time 7 < T' chosen by the
holder of the option. Similarly, the payoff of an American put
option is h(X,;) = (K — X,)™* and the option is exercised only if

K > X,.

Naive price:

P0,z) = sggZE {e7""h(X,)}. (25)

20



1.2.3 Other Exotic Options

The term exotic option refers here to any option contract which is
not a standard European or American option described previously.

Barrier options are path-dependent options whose payoff
depends on whether or not the underlying asset price hits a
specified value during the option’s lifetime. For instance a
down-and-out call option becomes worthless, or knocked out, if, at
any time t before the expiration date T', the stock price X; falls
below a predetermined level B. The payoff at expiration 1" is a

function of the trajectory of the stock price
h(X) = (X1 — K) " 1{inf,x X, >B}- (26)

This option is obviously less valuable than a standard European
call option given by (21) with the same strike K and maturity T

and it will lead to a knock-out discount.

21



Lookback options are path-dependent options whose payoft
functions depend on the minimum or maximum price of the
underlying asset during the lifetimes of the options. In particular, a
standard lookback call option has a payoff at maturity given by

_I_
h(X)= (Xt — inf X¢ | =X — inf X, (27)
t<T t<T

where the lowest price plays the role of a floating strike price.
Similarly a standard lookback put option has a payofl given by
_I_
h(X) = (Sup X¢ — XT> = sup Xy — X, (28)
t<T t<T

where the highest price plays the role of the floating strike price.
Note that these options are not genuine option contracts since

they are almost always exercised, since h > 0 ([P a.s.) as can be
seen from (27) and (28).

22



Forward-start or cliquet options are like call options for instance
where the strike price is set at a later time. If t < Ty < T, then
the payoff at maturity 7' is given by

h(X) = (Xt — X1,)", (29)

where the stock price at time 77 becomes the strike price.

Compound options are options on options. For instance, a
call-on-call is the right to buy a call option at a later time for a
predetermined price.. If t < Ty < T, then the payoff at maturity
T4 is given by

h(X) = (Ct,(K,T) - Kq)", (30)

where Cr, (K, T) is the price at time T3 of a call option which pays
(X7 — K)T at maturity time 7.

23



Asian options: the payoftf depends on the average stock price
during a specified period of time before maturity. They can be

European or American with typical payoffs like

T +
h(X) = (XT _ % /O Xsds> | (31)

for an arithmetic-average strike call option (European style), where

the strike price is the average stock price.

A geometric-average strike call option would be given by

1 [T T
h(X) — (XT o eT fO IOngdS> .

24



1.3 Replicating Strategies

The Black-Scholes analysis of a European style derivative yields an
explicit trading strategy in the underlying risky asset and riskless
bond whose terminal payoff is equal to the payoff h(X7) of the
derivative at maturity, no matter what path the stock price takes.
This replicating strategy is a dynamic hedging strategy since it
involves continuous trading, where to hedge means to eliminate
risk. The essential step in the Black-Scholes methodology is the
construction of this replicating strategy and arguing, based on
no-arbitrage, that the value of the replicating portfolio at time ¢ is

the fair price of the derivative. We develop this idea now.

25



1.3.1 Replicating Self-Financing Portfolios

We consider a European style derivative with payoff h(Xr).
Assume that the stock price (X;) follows the geometric Brownian
motion model (20), solution of the SDE (2).

A trading strategy is a pair (ag, bt) of adapted processes specifying
the number of units held at time ¢ of the underlying asset and the

riskless bond, respectively.

We suppose that IF { fOT a%dt} and fOT |b¢|dt are finite so that the

stochastic integral involving (a;) and the usual integral involving
(by) are well-defined.

The value at time ¢ of this portfolio is a; X + bee™™. It will
replicate the derivative at maturity if its value at time 7' is almost

surely equal to the payoft:

arXt + bre'™ = h(X7) (32)

26



In addition, this portfolio is to be self-financing,
d (atXt + btert) = a,dX; + rbe’tdt, (33)
which implies the self-financing property
X¢da; + e"tdb; + d(a, X); = 0. (34)

In integral form:

atXt -+ btert = a()XO -+ b() —+ /

t t
a;d Xy —I—/ rbse™ds, 0 <t <T.
0 0

In discrete time:

rt +1 rt +1
atnth-|-1 + btne " — atn+1th+1 + btm-l6 " 5

<at"“rlX’fer + btn+lertn+l) - (atnth + bnertn)
= Ot (Xt — th) + by, <6Tt"+1 — ert”) :

n—+1

which in continuous time becomes (33).

27



1.3.2 The Black-Scholes Partial Differential Equation

Assume that the price of a European-style contract with payoff
h(Xr) is given by P(t, X) where the pricing function P(t,x) is to
be determined.

Cconstruct a self-financing portfolio (a¢, b;) that will replicate
the derivative at maturity (32).

The no-arbitrage condition requires that

a; Xy + be™ =P(t,X;), forany 0 <t < T. (35)

Differentiating (35) and using the self-financing property (33) on
the left-hand side, It6’s formula (16) on the right-hand side and

equation (2), we obtain

(&t,LLXt —+ btrert) dt + ataXtth (36)
oP oP 1 0P oP
= | — Xi— + —0*XZ— | dt Xt —dW
(at+“tax+2“ ta&) TR EWe

28



Eliminating risk (or equating the dW; terms) gives

oP

(6, X0). (37

at —
From (35) we get
bt = (P(t, Xt) — atXt) e_rt. (38)

FEquating the dt terms in (36) gives

OP oP 1 ,_,0°P
(P Xtax) ot T27 Ko (39)

which needs to be satisfied for any stock price X;.

Note that ;1 disappeared!

29



P(t,z) is the solution of the Black-Scholes PDE
[,Bs(O')P =0, (40)

where the Black-Scholes operator is defined by

o 1 02 0

Equation (40) is to be solved backward in time with the terminal
condition P(T,x) = h(x), on the upper half-plane z > 0.

Knowing P, the portfolio (a;,b;) is uniquely determined by
(37) and (38).

a; is the “Delta” of the portfolio.

Only the volatility o is needed.

30



1.3.3 Pricing to Hedge (alternative derivation)

If we sell N; options and hold A; units of the risky asset X;, then
the change in this self-financing portfolio should produce a return

identical to a riskless asset:

Atht — Ntht = I‘(AtXt — NtPt)dt —

At(,uXtdt -+ JXtth) —
oP oP 1 0*P oP
N X4 —o%X? dt — o Xy —dW
{((% T (’9){Jr 7 tax2) 7 t}
= I‘(AtXt — NtPt)dt

Eliminating the dW; terms gives
oP
ox
the terms involving u cancel, P(t,x) satisfies the Black-Scholes
PDE (40), and the hedge ratio is given by A;/Ny.

At Nt (t Xt)

31



1.3.4 The Black-Scholes Formula

For European call options the Black-Scholes PDE (40) is solved
with the final condition h(x) = (x — K)T. There is a closed-form
solution known as the Black-Scholes formula:

Cgs(t,x; K, T;0) = xN(dy) — Ke " (T7YN(d,), (42)
I K Lo2) (T —t
d; — og(z/ )+<r+20 >( )7 (43)
oV —t

d2 = dl —O'\/T—t, (44)

N(z) e~V 2dy. (45)

1
N 2T /_oo
(By direct check or probabilistic derivation later)

The Delta hedging ratio a; for a call is given by 8CBS = N(dy).
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Figure 2: Black-Scholes call option price Cps(0,x;100,0.5;10%) at time
t =0, with K =100, T'= 0.5, 0 = 0.1 and r = 0.04.
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European put options

We have the put-call parity relation
Cgs(t, X:) — Prs(t, X)) = X — Ke "(T7%) (46)

between put and call options with the same maturity and strike

price.

This is a model-free relationship that follows from simple
no-arbitrage arguments. If, for instance, the left side is smaller than
the right side then buying a call and selling a put and one unit of the
stock, and tnvesting the difference in the bond, creates a profit no matter

what the stock price does.

Under the lognormal model, this relationship can be checked directly since
the difference Cps — Pps satisfies the PDE (40) with the final condition

h(z) = x — K. This problem has the unique simple solution

r— Ke "(T—1),

34



Using the Black-Scholes formula (42) for C'gg and the put-call
parity relation (46), we deduce the following explicit formula for
the price of a European put option:

Pgs(t,x) = Ke " T YN(—d,) — xN(—d;), (47)

where dy,dy and N are as in (43), (97) and (45) respectively.

Other types of options do not lead in general to such explicit
formulas. Determining their prices requires solving numerically the
Black-Scholes PDE (40) with appropriate boundary conditions.
Nevertheless probabilistic representations can be obtained as
explained in the following section. In particular American options

lead to free-boundary value problems associated with equation (40).
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Figure 3: Black-Scholes put option price Pps(0,x;100,0.5;10%) at time
t =0, with K =100, T'=0.5, 0 = 0.1 and r = 0.04.
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1.3.5 The Greeks:

0C
“Delta” : Apg = —=> = N(d;) (48)
ox
82035 0ARBs e_di/2
“Gamma” : I'pg = — — 49
S 0x2 0x x0/2m(T — t) (49)

dC —di/2 /T —¢
“Vega” :  Vpg = o> = = (50)

Jo V21

The sensitivities with respect to time to maturity T' — t and short

rate r are respectively named the “Theta” and the “Rho”.

In the general case of an European derivative whose price satisfies
the Black-Scholes PDE (40) with a terminal condition

P(T,z) = h(x), there are simple and important relations between
some of the Greeks —

37



For instance, differentiating with respect to o leads to the following
equation for the Vega:

5 0P
0x2

Lps(o)V +ox =0, (51)

with a zero terminal condition.

One can easily check that the Black-Scholes operator Lpg(0o)

commutes with 2202 /0x?, and therefore that (T — t)oz? ?911;

satisfies equation (51). If the second derivative with respect to x

remains bounded as t — T', this solution satisfies the zero terminal
condition, and we obtain the following relation between the Vega
and the Gamma

oP 5 0P

do Ox2’
In the case of a call option this relation can be directly obtained from

(49) and (50).

(T —t)ox

(52)

38



Using the same argument, by differentiating the Black-Scholes
equation with respect to r, one can obtain the relation between
the Rho and the Delta:

%—I;:(T—t) (XZ—Z—P). (53)

Note that these relations may not be satisfied by
more complex derivatives involving additional
boundary conditions, such as barrier options for

instance.

39



1.4 Risk-Neutral Pricing

Unless = r, the expected value under the objective probability IP
of the discounted payoff of a derivative (23) would lead to an
opportunity for arbitrage. This is closely related to the fact that
the discounted price th — e X, is not a martingale since,
from (18),

dX; = (4 — r)Xedt + o X dWy (54)

which contains a non zero drift term if u # r.

The main result we want to build in this section is that there is a
unique probability measure P* equivalent to /P such that,
under this probability, (i) the discounted price 3(: is a martingale
and (ii) the expected value under IP* of the discounted payoff of a
derivative gives its no-arbitrage price. Such a probability
measure describing a risk-neutral world is called an Equivalent

Martingale Measure.

40



1.4.1 Equivalent Martingale Measure

In order to find a probability measure under which the discounted
price X; is a martingale, we rewrite (54) in such a way that the

drift term is “absorbed” in the martingale term:

o

dﬁl:ai;kwa+(“_r>d4.

g=1r""1 (55)

is called the market price of asset risk, and we define

t

Wi = W, + / ods — W, -+ 0t. (56)
0
so that
dX; = 0 X dW7. (57)

41



Using the characterization (3), it is easy to check that

1
g% — exp (—QWT — 592T> : (58)

has an IP-expected value equal to 1 (Cameron-Martin formula).

It has a conditional expectation with respect to F; given by
0 B 1.2\ .o
E{fT | ft} — €XPp —HWt — 59 t) = ft , for O <t< T,

which defines a martingale denoted by (&) )o<i<7 -

IP* is the equivalent measure to IP (they have the same null sets), which

has the density &5 with respect to IP:
dP* = ¢5dP, (59)

or denoting by IEF*{-} the expectation with respect to IP*, for any

integrable random variable Z we have

E*{Z} = E{¢rZ}.

42



For any adapted and integrable process (Z;),
1
&
for any 0 < s <t <T. The process (£/)o<i<7 is called the
Radon-Nikodym density .

E*{Z; | s} = S E{{Z¢ | Fs}, (60)

The main result of this section asserts that the process
(W}) given by (56) is a standard Brownian motion under
the probability P*.

This result in its full generality (when 6 is an adapted stochastic

process) is known as Girsanov’s Theorem.

In our simple case (6 constant), it is easily derived by using the
characterization (3) and formula (60) as follows:
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. * * 1 . * *
E* {ezu(Wt —-W>) | fs} — g_QE {gfezu(Wt —W) ‘ fs}
o 60W3+%928E{e_ewt_%92t6iu(Wt_Ws+9(t_8)) | fs}

— o~ 307 +wub)(t—s) E{euuﬂ’e)(vvt—ws) | fs}

. u+1 2 —s
o(— 307 +iu0) (t—s) ,— (O (=)

ug(t—s)
p— 6_ 2
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1.4.2 Self-Financing Portfolios
Vt = atXt -+ btert.

The self-financing property (33), namely dV; = a;dX; + rb;e"dt,
implies that the discounted value of the portfolio, Vi = e 't*Vy, is a
martingale under the risk-neutral probability IP*. This essential

property of self-financing portfolios is obtained as follows:

AV, = —re "W,dt+e "tV
= —re "(a; Xy + be™)dt + e " (ard X, + rbie”tdt)
= —re "ta,; Xidt + e "tad X,
= ad(e " Xy)
= atdft
= oaXedW;  (by (57)), (61)
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Connection between martingales and no-arbitrage

Suppose that (a., by )o<t<7 is a self-financing arbitrage strategy
such that

Vo >e" TV, (P-a.s.), (62)

P{Vt>e"tVyl >0, (63)

so that the strategy never makes less than money in the bank and

there is some chance of making more. But
E*{e "'V} =V,

by the martingale property, so (62) and (63) cannot hold.

This is because IP and IP* are equivalent and so (62) and (63) also
hold with IP replaced by IP*.
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1.4.3 Risk-Neutral Valuation

Let (a;, by) be a self-financing portfolio replicating the European
style derivative with nonnegative square integrable payoft H:

aTXT + bTerT — H. (64)

This includes European calls and puts or more general standard
European derivatives for which H = h(Xr), as well as other European

style exotic derivatives presented in Section 1.2.3.

On one hand, a no-arbitrage argument shows that the price at

time t of this derivative should be the value V; of this portfolio.
On the other hand the discounted values (‘A/;) of this portfolio form

a martingale under the risk-neutral probability PP*:

Vi=E{Vr| R} —
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Ve =E {e " TOH| £}, (65)

after reintroducing the discounting factor and using the replicating

property (64).

Alternatively, given the risk-neutral valuation formula (65),
we can find a self-financing replicating portfolio for the payoftf H.
The existence of such a portfolio is guaranteed by an application of

the martingale representation theorem: for 0 <¢ < T
M, =E*"{e""H| F},

defines a square integrable martingale under IP* with respect to
the filtration (F;), which is also the natural filtration of the

Brownian motion W*.
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The representation theorem says that any such martingale is a

stochastic integral with respect to W*, so that

t
E* {e—rTH | ft} = M —|—/ nSdW;,
0

where (7;) is some adapted process with IE* { fOT nfdt} finite.

By defining ay = 7/ (a}/(vt) and by = My — at}/(vt, we construct a
portfolio (a¢, by), which is shown to be self-financing by checking
that its discounted value is the martingale M; and using the

characterization (61) obtained in Section 1.4.2.

Its value at time T is e"! My = H and therefore it is a replicating

portfolio.
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1.4.4 Using the Markov Property

For a standard European derivative with payoff H = h(X7) the
Markov property of (X;) says that conditioning with respect
to the past F; is the same as conditioning with respect to
X4, so that the risk-neutral pricing formula becomes

V, = E* {e_"(T_t)h(XT) | Xt} .

We will come back to this property in the next Section.

Denoting by P(t,x) the price of this derivative at time ¢ for an
observed stock price X; = x, we obtain the pricing formula

P(t,x) = E* {e_"(T_t)h(XT) | X, = x} | (66)

If we compare this formula (at time ¢t = 0) with (23), the naive pricing a
standard European derivative, we see that the essential step is to replace
the “objective world” IP by the “risk-neutral world” IP* in order to

obtain the fair no-arbitrage price.
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Solving the SDE (2) from ¢ to T starting from x gives
52
Xr = xexp (1= )T -0 +o(Wa-Wo) ). (60
Using (56), this formula can be rewritten in terms of (W}) as
52
X = xexp ((r — ?)(T —t)+o(Wi — Wf)) .

As (WY) is a standard Brownian motion under the risk-neutral
probability IP*, the increment W} — W} is N(0, T — t)-distributed,
and (66) gives the Gaussian integral

2

1 +OO 02 Z
P(t,x) = / e "(T=0p, <xe(r_7)(T_t)+az> e 2T dz. (68)

V2 (T —t) J -
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In the case of a European call option, h(z) = (xr — K)™T, this
integral reduces to the Black-Scholes formula (42) obtained in
Section 1.3.4, as the following computation shows:

+00 2 —rT +00
_(z=om) Ke g2
/ dz — e 27dz,
V21T

P(t,x)
%)= 7o

where 7 =T —t and z* is defined by

1
X €XP ((r — 502)7' + az*) = K.

We then set

which coincide with the definitions (43) and (97) of d; and dy. The
Black-Scholes formula (42) follows by introducing the normal
cumulative distribution function N given by (45).
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Binary or digital options

It pays at time T a fixed amount (say one), if X7 > K, and
nothing otherwise. The corresponding discontinuous payoft
function is simply h(x) = 1;x>k). Its value at time ¢ is given by

(66), which, in this case, becomes

00 2
Pdlgltal(t X \/ﬁ/ = e_rTN(dz). (69)

The two approaches developed in Sections 1.8 (PDE) and 1.4
(risk-neutral valuation) should give the same fair price to the same
derivative. This is indeed the case, and is the content of the
following section, where we explain that a formula like (66) is just

a probabilistic representation of the solution of a partial differential
equation like (40).
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1.5 Risk-Neutral Expectations and PDEs

We denote by (XE*)s>¢ the solution of the SDE (11) starting from
x at time t:

X;’X:x—|—/ ,u(u,Xfl’x)du—l—/ o(u, X5 dW,,
t t

and we assume enough regularity in the coefficients © and o for
(X%") to be jointly continuous in the three variables (¢, x,s). The
flow property for deterministic differential equations can be
extended to stochastic differential equations like (11); it says that,
in order to compute the solution at time s > t starting at time 0

from point x, one can use

0,x
t, X5
S

x — XP* — X = X0x (P-a.s.). (70)

In other words, one can solve the equation from 0 to t, starting from x, to
obtain X?’x. Then we solve the equation from t to s, starting from Xf’m.

This is the same as solving the equation from 0 to s, starting from x.
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The Markov property is a consequence and can be stated as

follows:
E {h<Xs> | ft} =K {h<Xg’x>} |x:Xt7 (71>

which is what we have used with s = T to derive (66).

Observe that the discounting factor could be pulled out of the

conditional expection since the interest rate is constant (not random).

In the time homogeneous case (i and o independent of time) we

further have
E {h(X¢*)} = B {h(X%)},

which could have been used with s =T to derive (68) since W7 _,
is N (0,T — t)-distributed.
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1.5.1 Infinitesimal Generators and Associated Martingales

Consider first a time homogeneous diffusion process (X;), solution
of the SDE

dX, = pu(Xe)dt + (X )dWy. (72)

Let g be a twice continuously differentiable function of the variable
x with bounded derivatives, and define the differential operator

L acting on g according to
1
Lg(x) = 507 (x)g" (x) + n(x)g’(x). (73)

In terms of £, Itd’s formula (16) gives
dg(Xs) = Lg(X¢)dt + g'(X¢)o(Xe)dWy  —

t

M, = g(X) - / Le(X,)ds, (74)

0

defines a martingale.
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Consequently, if X = x, we obtain

t

Blg(X0) =500+ B [ Co(Xds|

Under the assumptions made on the coefficients ;1 and o and on the
function g, the Lebesgue dominated convergence theorem is

applicable and gives

d o E{g(Xy) ) —g(x)
EE{g(Xt)}\tzo = 175%1
= ltiln(f)llE {%/0 Eg(XS)ds} = Lg(x).

The differential operator £ given by (73) is called the

infinitesimal generator of the Markov process (X3).
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For nonhomogeneous diffusions (o(¢, ), u(t, z)) and functions
g(t,z) which depend also on time, (74) can be generalized by using
the full It6 formula (16) to yield the martingale

M =g~ [ (% + L) (5. X0)ds (75

where the infinitesimal generator L; is defined by

1 0> 0
Ly = 27 o2 (t, X)@ +M(tax)a—xa

and ¢ is any smooth and bounded function.

(76)

Finally we incorporate a discounting factor by computing the

differential of & Jo r(s:Xe)dso ¢ X,) and obtaining the martingales

t
— tI'S S — Sru u a
M; =e Jo £(s:Xs)d g(t,Xt)—/ e Jo £l Xw)d ( g+£Sg—rg) ds, (77)
0

ot

which introduces the potential term —rg.
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1.5.2 Conditional Expectations and Parabolic PDEs
Suppose that u(t, x) is a solution of the PDE

ou 1 , d%u du _
aJrEJ (tax)@JrM(t,X)&_ru—O» (78)

with the final condition u(T,x) = h(x) and assume that it is
regular enough to apply It6’s formula (16). Using (77) we deduce
that My = e **u(t, X;) is a martingale when £;, given by (76), is
the infinitesimal generator of the process (X) - in other words,

when p and o are the drift and diffusion coefficients of (X3).

The martingale property for times ¢ and T reads
E{M~ | ¢} = M which can be rewritten as

u(t,Xt) — E {e_r(T_t)h(XT) | ft} ’

since u(T, Xo) = h(Xr) according to the final condition.
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Using the Markov property (71), we deduce the following

probabilistic representation of the solution wu:
u(t,x) = E {e—“T—t)h(X':fX)} | (79)
which may also be written as
u(t,x) =E {e_r(T_t)h(XT) | X¢ = X} or u(t,x) =E;« {e_r(T_t)h(XT)}

If r depends on ¢ and x, the discounting factor becomes
exp (— ftT r(s, Xs)ds).

The representation (79) is then called the Feynman-Kac formula.
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1.5.3 Application to the Black-Scholes PDE

When pu(t,x) = rz and o(t,x) = oz in the SDE (78), we have the
Black-Scholes PDE (40) for the option price P(¢,x) on the
domain {x > 0}, since

0
ﬁBs—a—l—E—I‘,

where L is the infinitesimal generator of the geometric Brownian
motion X. The non-ellipticity

o?(t,x) = 0°x? (80)

can be dealt with by the change of variable P(t,z) = u(t,y = log x)

where equation (40) becomes

ou 1 ,0%u 1 5\ Ou B
5 T 3¢ a—y2+<r—§0>£—PU—0, (81)

to be solved for 0 <t < T, y € IR with u(T,y) = h(eY).
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1.6 American Options and Free-boundary
Problems

1.6.1 Optimal Stopping

P(0,x) = sup E* {e7""h(X;)},
T<T

is the price of the derivative at time ¢ = 0, when Xy = x and where
the supremum is taken over all the possible stopping times less
that the expiration date 71'. This formula can be generalized to get
the price of American derivatives at any time ¢ before expiration 1":

P(t,x) = sup E* {e_r(T_t)h (X‘;’X)} | (82)
t<r<T

where (X1%)s>, is the stock price starting at time ¢ from the

observed price x.
T=t — P(t,z) > h(x)
t=T — P(T,x)=h(z)
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Because an American derivative gives its holder more rights than the
corresponding Furopean derivative, the price of the American is always
greater than or equal to the price of the European derivative which has

the same payoff function and the same expiration date.
This can be seen by choosing 7 = T in (82).

The supremum in (82) is reached at the optimal stopping time,
™ =7"(t) =inf {t <s < T, P(s,X5) =h(Xg)}, (83)

the first time after ¢ that the price of the derivative drops down to
its payoff. In order to determine 7*, one must first compute the
price. In terms of PDESs, this leads to a so-called free-boundary
value problem. To illustrate, we consider the case of an American
put option defined in Section 1.2.2.

It can be shown by a no-arbitrage arqgument that, for nonnegative interest
rates and no dividend paid, the price of an American call option is the

same as its corresponding FEuropean option.
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The price of an American put option

P2(t,x) = sup E” {e_r(T_t) (K — X';’X)Jr} :
t<r<T

is in general strictly higher than the price of the corresponding
European put option which has been obtained in closed-form (47).
In fact, we saw in Figure 3 that the Black-Scholes European put
option pricing function crosses below the payoff “ramp” function
(K — x)™ for small enough x. This violates P(t,z) > h(x), so the
European formula for a put cannot also give the price of the
American contract, as is the case for call options.
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1.6.2 Free-Boundary Value Problems

Pricing functions for American derivatives satisfy partial
differential inequalities. For the nonnegative payoff function h, the
price of the corresponding American derivative is the solution of
the following linear complementarity problem:

P > h
Les(o)P < 0 (84)
(h— P)Lps(0)P = O, (85)

to be solved in {(t,x):0 <t < T, x> 0} with the final condition
P(T,x) = h(x).

The second inequality is linked to the supermartingale property
of e~ "' P(t, X;) through (77) applied to g = P.

To see that the price (82) is solution of the differential inequalities

—
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For any stopping time ¢t < 7 < T we have

! 0
e ""P(t,Xb") = e "'P(t,x) + / e’ (a + L — r) P(s, X"")ds
¢

T OP
+ / e o X0 (5 XET) AW R,
t ot

The integrand of the Riemann integral is nonpositive by (85) and,
since 7 is bounded, the expectation of the martingale term is zero
by Doob’s optional stopping theorem. This leads to

E* {e_r(T_t)P(T, X‘;X)} < P(t,x),
and, using the first inequality in (85),
E* {e_r(T_t)h(X‘;’x)} < P(t,x).

It is easy to see now that if 7 = 7, then we have equalities throughout.
This verifies that if (85) has a solution to which It6’s formula can be

applied then it is the American derivative price (82).
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In the case of the American put option there is an increasing
function z*(t) - the free boundary - such that, at time t,

Pt,x) =K —x for v < x*(¢)

Lys(c)P =0  for z > x*(t), (86)

with
P(T,x) = (K —x)* (57)
<*(T) = K. (88)

In addition, P and %—1; are continuous across the boundary x*(t), so
that

P(t, x*(t) = K — x*(t) (39)
O (6% (0) = 1. (90)

The exercise boundary x*(t) separates the hold region, where the
option is not exercised, from the exercise region, where it is:
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Figure 4: The American put problem for P(t,x) and x*(t), with Lps(0)
defined in (41).
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Figure 5: Optimal exercise time 7 along a sample path for an American

put option.

69



1.7 Path-Dependent Derivatives

In order to price path-dependent derivatives, one has to compute
the expectations of their discounted payoffs with respect to the
risk-neutral probability. Here are some examples.

1.7.1 Barrier Options

A down-and-out call option (European style) is an example of a

barrier option that has a payoff function given by (26).
P(0,x) = E* {e_rT (Xt —K)" Lfinfocser X;>B) | Xo = X} :
The price at time ¢ < T of this option is given by

P, = E {e_r(T_t) (Xt —K)" Liinfoooor X.>B} | ft}

= Lfinfoeocy X.>BIE {e_r<T_t) (Xt - K)* L{infycocr Xo>BY | ft}

= Lfinfgeoey xo>Byu(t, Xt), by the Markov property.
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These expectations can be computed by using classical results on the
jgoint probability distribution of the Brownian motion and its minimum,

obtained by the reflection principal.

Alternatively, the function u(t¢,x) given by (91) satisfies the following
boundary value problem on {x > B}:

Ls(c)u = 0
u(t,B) = 0
u(T,x) = (x-K)".

The method of images leads to a formula for u(t, x):

u(t, x) = uss (t, x) — (%)1_% UBs (t, B_2> | (92)

X

where ups(t, x) is the Black-Scholes price of the European derivative
with payoff function h(z) = (x — K)"1(,~p}. In the case B < K, where
the knock-out barrier is below the call strike, ups(t, x) is simply the

price Cgs(t,x) of a call option given by the Black-Scholes formula (42).
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1.7.2 Lookback Options

We consider for instance a floating strike lookback put which pays

the difference J1t — X1 where Jr is the running mazimum

Jt = supg<gs<t Xs.

P0,x) = E {e ™" (Jr—Xr)]|Xo=x}
_ Xe—rTE*{ sup (e(r—%g2)t—|—awt)} — x,
0<t<T

by using the martingale property of the discounted stock price
under the risk neutral probability IP*, and the explicit form of Xj;.

Again, by using log-variables and a change of measure, these
expectations can be reduced to integrals involving the joint
distribution of a driftless Brownian motion and its running

maximum.
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The PDE approach:
The price P(t,x,J) of this option satisfies the problem

Lps(c)P=0 inx<Jandt<T
oP

a_J<t7J7J) =0

P(T,x,J)=J—x.

The boundary condition at J = x expresses the fact that the price of
the lookback option for X; = J; is insensitive to small changes in J;
because the realized mazximum at time T is larger than the realized

mazimum at time t with probability one.
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The problem of finding P(t,x,J) can be reduced to a one (space)
dimensional boundary value problem with the following simzlarity

reduction: £ =x/J, and P(t,x,J)=JQ(t,¢), leading to

P(t,x,J)= — x+x (1 4 Z—D N(dy)
+ Jer(T-) (N(d5) - % G)l__ N(d6))(93)
where
log(J/x) — (r—50%) (T —1t) g log(z/J) — (r — 302) (T —t)
0 oI —1t ’ o oI —t

g log(z/J)+ (r+ 3502) (T —t)
o oI —t .
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1.7.3 Forward-Start Options (“Cliquets”)

A typical forward-start option is a call option maturing at time 1" such

that the strike price is set equal to X1, at time 11 < T
Its payoff at maturity T is given by h = (Xt — X7, ).
If ' <t < T, the contract is simply a call option with K = X, .

When t < T7 < I, which is the case when the contract is initiated, its
price at time t is given by P(t¢, X;) where

P(t,z) = IE* {e—“T—t) (X7 — Xp)b | X; = ;c}
e—T(Tl—t)E* {G—T(T—Tl) (XT _ XT1)+ | le} ‘ Xt — ZC}

JE*{
- E {e—“Tl—t)CBS(Tl,XTl;T, K=Xp)| X, = x}
JE*{

o0 X, (N(@) - e T TIN(d)) | X, =)
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where d; and dy are given here by

: 1 )\ vT - T4 _ 1 )\ vT—T1
dlz T—|—§O' , d2: T—§O'
o) o)

Y

because the underlying call option is computed at the
money K = Xr,.

We then deduce
P(t,x) = (N(al) - e_r(T_Tl)N((_iz)> E* {e_r(Tl_t)XTl | X, = x}

— x (N(dl) _ e_r(T_Tl)N(az)) | (94)

by using the martingale property of the discounted stock
price under the risk neutral probability IP*.
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1.7.4 Compound Options

Example of a call-on-call option. For t <17 <71, at time 17,
the maturity time of the option, the payoff is given by

h(Cps(T1,X1,; K, T)) = (Cps(T1, X1 ; K, T) - Ky)".
The price at time ¢ of this call-on-call is given by
P(t,z) = IE* {e—“Tl—t) (Cps(Ty, Xr K, T) — KV | X, = :r;} (95)
_ B {e—“Tl—t) (Cos(Ti, Xy K, T) = K1) xp 5any | Xi = ;c} |

where 7 is defined by Cpg(T1,x1; K, T) = Kj.

Explicit formulas can be obtained by using the bivariate normal

distribution (see motes).
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1.7.5 Asian Options

As an example we consider an Asian (European style)
average-strike option whose payoff is given by a function of the
stock price at maturity and of the arithmetically-averaged stock
price before maturity like in an average strike call option (31). One

can introduce the integral process

t
It = / }(SdS7
0

and redo the replicating strategies analysis or the risk-neutral
valuation argument for the pair of processes (X¢, I;). Observe that
(It) does not introduce new risk or, in other words, there is no new

Brownian motion in the equation dI; = X;dt.
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Using a two-dimensional version of Ito’s formula presented in

the following section, one can deduce the PDE

oP 1 , ,0°P <6P ) OP
+r +

9t 27 % ox2

to be solved, for instance, with the final condition

P(T,x,I) = (x — 4)", in order to obtain the price P(t, Xy, I;) of
an arithmetic-average strike call option at time ¢. This is solved
numerically in most examples (see the notes for a dimension

reduction technique).

Note that geometric-average Asian options are much simpler since

log prices are added leading to Gaussian random variables.
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1.8 First Passage Structural Approach to Default

Credit risk. We consider here the problem of pricing a defaultable
zero-coupon bond which pays a fixed amount (say $1) at maturity T
unless default occurs, in which case it is worth nothing. In other

words we consider the simple case of no recovery in case of default.

1.8.1 Merton’s Approach

In the Merton’s approach, the underlying X; follows a geometric
Brownian motion, and default occurs if X1 < B for some
threshold value B. In this case the price at time ¢ of the
defaultable bond is simply the price of a European digital option
which pays one if X1 exceeds the threshold and zero otherwise, as
n (69). Assuming that the underlying is tradable and the risk free
interest rate r is constant, by no-arbitrage argument, the price of

this option is explicitly given by u?(t, X;) where —
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u(t, x)

o {e—r(T—t)1XT>B X, = :1:}
e "I P*{Xr > B| X, =z}

o~ r(T=1) [ { (7“ - 072) (T =) +o(Wr = WY) > log (E) }

€T
g [ Wiz los(B)+ (1= %) ()
T —t oV —t
e”""N(d2(7)), (108)

with the usual notation 7 = 1" — t and the distance to default:

dQ(T)

log () + (r— %) 7
o\/T '

(109)
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1.8.2 The First Passage Model

In the first passage structural approach, default occurs if X; goes
below B at some time before maturity. In this extended
Merton, or Black and Cox model, the payoff is

h(X) = 1{infgeocr X >B}-

The defaultable bond can then be viewed as a path-dependent
derivative. Its value at time ¢t < T, denoted by P2 (t,T), is given by

PE(t,T) = E'{e ™14y, x.-8) | i (110)

—r(T—t)E*

= L{infocs<y Xs>B}€ {1{inft§s§T Xo>B} | ft} '

Indeed PB(t, T) = 0 if the asset price has reached B before time t,

which is reflected by the factor 1,¢,_ .., x.>B}-
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Introducing the default teme 1; defined by
7 = inf{s > t, X, < B},
one has

E’ {1{inft§s§T Xs>B} | ‘7:’5} - P*{Tt > T | Fi},

which shows that the problem reduces to the characterization of
the distribution of default times. Observe that the default time 7; is
a predictable stopping time, in the sense that it can be announced
by an increasing sequence of stopping times. For instance one can

consider the sequence (Tt(n)) defined by
7™ = inf{s > t,X, < B+ 1/n}.

These stopping times are illustrated in Figure 6:
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B+1/n

Figure 6: The cartoon shows a sample trajectory of the geometric Brown-
1an motion X¢, and the corresponding values of the first hitting times Tt(n)
and T after t of the levels B+ 1/n and B.

84



An alternative intensity based approach to default consists in

introducing default times which are unpredictable.

In the first passage model, a defaultable zero-coupon bond is in
fact a binary down-an-out barrier option where the barrier
level and the strike price coincide. As presented in Section 1.7.1,

from a probabilistic point of view, we have
E* {1{inft§ng Xs>B} | ft}

_ P*{ inf ((r—%z)(s—t)—ka(W:—Wf)) > log (g) |Xt:x},

t<s<T

which can be computed by using the distribution of the minimum

of a (non standard) Brownian motion. From the point of view of
PDEs, we have

E* {e_r(T_t)l{inftgng X,>B} | ft} = u(t, Xy),
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where u(t, x) is the solution of the following problem

Ls(c)u=0on x>B, t<T (111)
u(t,B)=0 forany t<T
u(T,x) =1 for x > B,
which is to be solved for x > B. This problem can be solved by
introducing the corresponding Furopean digital option which pays

$1 at maturity if X7 > B and nothing otherwise. Its price at time
t < T is given by ud(t, X;) computed explicitly in (97).

The function ud(t, x) is the solution to the PDE

Les(@)ud=0o0n x>0,t<T (112)

ud(T,x) =1 for x > B, and 0 otherwise.
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By using the method of images, the solution u(t,x) can be written

u(t, x) = ud(t, x) — (%)1_% ud (t, B—2> o (113)

X

Combining with the formula for ud(t, x), we get

X

u(t,x) = e *(T-t) (N(d;(T—t)) - (E) ’ N(d;(T—t))), (114)

where we denote

(115)
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The yield spread Y (0, T) at time zero is defined by

~Y(0,T)T _ P"(0,T)
P(0,T)’

e (116)

where P(0, T) = e *1 is the default free zero-coupon bond
price. In other words, r + Y (0, T) is the effective rate of return
over the period (0,T), where the spread Y (0,7) is due to the
default risk.

The price of the defaultable bond is given by P2(0, T) = u(0, x)
given in (114),

leading to the explicit formula for the yield spread

Y(0.1) = 1o (N(@x(m) - (5) P N(zm)). 1
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Figure 7: The figure shows the sensitivity of the yield spread curve to the

volatility level. The ratio of the initial value to the default level x/B is set

to 1.3, the interest rate r is 6% and the curves increase with the values of
o: 10%, 11%, 12% and 13%. Time to maturity is in unit of years and
plotted on the log scale and the yield spread is quoted in basis points.
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1.9 Multidimensional Stochastic Calculus
1.9.1 Multidimensional Ito’s Formula

We consider the generalization of the SDEs (11) to the case of

systems of such equations:
d .
dX} = i (t, Xe)dt + » 035(t, Xe)dWY, i=1,---.d, (118)
j=1

where W:i, j=1,---.d, are d independent standard

Brownian motions, and
1 d
Xt — (Xt7°'°7Xt)7

is a d-dimensional process.

We assume that the functions p;(t,x) and o, ;(t,x) are smooth and at
most linearly growing at infinity, so that this system has a unique solution

adapted to the filtration (F;) generated by the Brownian motions (W7).
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We now consider real processes of the form f(t, X;) where the real
function f(t,z) is smooth on IR, x IR® (for instance continuously
differentiable with respect to t, and twice continuously differentiable in

the x-variable). The d-dimensional 1t6’s formula can then be
written:

Of 4. of
df (£, X¢) = - (t, X¢)d Za— (t, X¢)dX!
- i X
Z (9X1(9XJ (t, X¢)d(X?, Xy, (119)
i,j=1
where
d
d(XL Xy = ) oult, Xe)og(t, Xe)dt
k=1
— O‘O‘T)i’j(t,Xt)dt, (120)
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Cross-variation rules

d(t, Wi) = d(W t) =0,

(Wi, Wi) = d(Wi, Wi) =0 fori+#],
d(Wi, Wi) = dt.

Formula (119) can then be rewritten:

! d 02f
df (t, X;) = Z“l +5 Z Jiiang | 4t
Lot [S .
+) o > 01dWY | (121)
i=1 j=1

where the partial derivatives of f and the coeflicients 1 and o are
evaluated at (¢, X).

93



1.9.2 Girsanov Theorem

In Section 1.4.1 we have used a change of probability measure so
that the one-dimensional process W; = W; + 6t becomes a
standard Brownian motion under the new probability P*. We now
give a multidimensional version of this result in the case where 6
may also be a stochastic process. To simplify the presentation we
assume that the d-dimensional process (6;) is of the form
(0;(X¢),j=1,---,d) where the functions 6;(x) are bounded (see
the notes for less restrictive conditions such as Novikov condition).

Generalizing (58), we define the real process (£ )o<¢<T by:

€9 — exp Ed:(/t AW + ;/()tﬁf(XS)ds> C(129)

J=1
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d
dgy = —&0 > 0;(Xe)d Wi,

j=1
and therefore (£) is a martingale.
We then define, on Fr, the probability P* by dP* = £5.dP.
Girsanov Theorem states that the processes
(Wi )o<t<T,j=1,---,d, defined by

t
Wi = Wi +/ 0;(Xs)ds, j=1,--,d, (123)
0

are independent standard Brownian motions under P*.

O—iu)
’

See the notes for a justification using the martingale property of (&;

and the characterization of independent standard Brownian motions by

conditional characteristic functions.
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1.9.3 Feynman-Kac Formula

The infinitesimal generator of the (possibly non-homogeneous)
Markovian process X = (X1, ..., X?), introduced in (118), is given
by

d 0 1, - 52
Et — Zﬂl(t7x> aXi T 5 Z (O-O- )i,j(t7X> aXIaXJ :
i=1 i,j=1

If r(t,x) is a function on IR, x IR® (for instance bounded), then
the function u(t,x) defined by

u(t,x) = E {e_ Jo x&Xdsy x X, = x} ,

satisfies the PDE
ou

aJrEtu—ru:O,

with the terminal condition u(T,x) = h(x) (a call for instance).
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Such parabolic PDEs with an additional source are also

important, If the function g(t,x) is, for instance, bounded, then

the backward problem

g—:—l—ﬁtv—rv—kgzo
v(T,x) = h(x),

admits the solution

T d T s d l
v(t, x) = E{eft (s Xe)dsp 5 ) +/t o~ Jo T Xwdug o % Vs | X, = x|
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Two Fundamental Questions:

1. Is the Geometric Brownian motion
under /P a good model for returns?

2. Under P* does it predict prices of
traded options?

Possible generalizations: local volatility,
stochastic volatility, jumps,...
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Figure 9: S&P 500 Implied Volatility Curve as a function of moneyness
from S€P 500 index options on February 9, 2000. The current index value
1s x = 1411.71 and the options have over two months to maturity. This is

typically described as a downward sloping skew.
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“Parametrization” of the

Implied Volatility Surface I(t;7T, K)
REQUIRED QUALITIES

e Universal Parsimonous Parameters: Model Independence
e Stability in Time: Predictive Power
e Easy Calibration: Practical Implementation

e Compatibility with Price Dynamics: Applicability to

Pricing other Derivatives and Hedging
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Mean-Reverting Stochastic Volatility Models

dXt = Xt (udt -+ O'tth)

or = f(Y)
For instance: 0<o1 < fly) <oo for every y
dY, = a(m —Yy)dt + 8(- - -)dZ,
Brownian motion Z correlated to W:
Zy = pWy + V1 — p2Z; | <1

so that

A
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Pricing under Stochastic Volatility
Risk-neutral probability chosen by the market: P

dXt ’I“Xtdt -+ f(i/t)XtdW*

dy, = [Oz(m—Yt)—ﬁ< (f(_r +’Y\/1—7>]dt+5d2*

Zy = Wi+ 1-p2 2}

Market price of volatility risk: v = v(y)

P, = e " T (X7) | F)
Markovian case:
P(t,z,y) = E* O {e " T On(X1)| X, = 2,Y; = y}

but y (or f(y)) is not directly observable!
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Stochastic Volatility Pricing PDE

or 1 , 90°P o’P 1 _,0°P
N + if(y) Sy +pﬁxf(y)8x8y + 55 B
oP oP oP
- _p ) _ BA
v (o5~ P) +alm-n) -
where

o (:LL_T) /1 2
A_pf(y) ovie

Terminal condition: P(T,x,y) = h(x)

No perfect hedge!

103



Summary of the stochastic volatility approach

Positive aspects:
e More realistic returns distributions (fat tails and asymmetry )
e Smile effect with skew contolled by p

Difficulties:
e Volatility not directly observed, parameter estimation difficult
e No canonical model. Relevance of explicit formulas?
e Incomplete markets, no perfect hedge
e Volatility risk premium to be estimated from option prices

e Numerical difficulties due to higher dimension
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