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traveling in a random medium. We consider shallow water waves with a spatially
random depth. We demonstrate that in the presence of properly scaled stochastic
forcing the solution to the nonlinear conservation law is regularized leading to a
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1 Introduction

In this paper we address the propagation of nonlinear waves in a disordered
one-dimensional medium. We demonstrate that in the presence of properly
scaled stochastic forcing the solution to the nonlinear conservation law is reg-
ularized leading to a viscous shock profile. More precisely, we consider a two-
by-two hyperbolic system and we show that to leading order the transmitted
wave is governed by a viscous Burgers equation. As a consequence of this reg-
ularization effect, time-reversal can be performed beyond the shock critical
time.

The propagation of a linear pulse through a random medium has been exten-
sively studied (see for instance the review [1]). In particular the O’Doherty
Anstey theory predicts that if the pulse is observed in a Lagrangian frame
that moves with a random velocity, then the pulse appears to retain its shape
up a to a slow spreading and attenuation [20]. A rather convincing heuristic
explanation of this phenomenon is given in [4]. The mathematical treatment
of this issue is addressed in [4,3,6,15,16,2]. We have extended this theory to
nonlinear waves by decomposing the solution of the perturbed system using
the Riemann invariants of the unperturbed system. Using limit theorems and
stochastic calculus we show that the right-going Riemann invariant satisfies a
viscous Burgers equation. The apparent viscosity reads as a pseudo-differential
operator imposed by the power spectral density of the random fluctuations.

Time-reversal refocusing for waves propagating in inhomogeneous media have
been recently observed and studied experimentally in various contexts, e.g.
ultrasound, underwater acoustics, see for instance the review [10]. Important
potential applications have been proposed in various fields, for instance imag-
ing [21,11] and communication [9]. A time-reversal mirror is, roughly speaking,
a device which is capable of receiving a signal in time, keeping it in memory
and sending it back into the medium in the reversed direction of time. The
main effect is the refocusing of the scattered signal after time-reversal in a
random medium. Surprisingly, the refocused pulse shape only depends on the
statistical properties of the random medium, and not on the particular real-
ization of the medium. The full mathematical understanding, meaning both
modeling of the physical problem and derivation of the time-reversal effect,
is a complex problem. The study of the one-dimensional linear case is now
well understood [7,22,13]. In this paper we give an analysis of time-reversal of
weakly nonlinear waves propagating in a one-dimensional disordered medium.
The main result is that the regularization effect mentioned above enables us
to perform time-reversal of the transmitted wave beyond the shock distance
of the homogeneous problem.

This paper is organized as follows. In Section 2 we introduce the nonlinear



shallow water wave model with random depth together with the corresponding
Riemann invariants. In Section 3 we derive the effective Burgers equation
governing the evolution of the front pulse. We discuss the properties of this
effective equation in Section 4. We study the time reversal of this pulse in
Section 5. Section 6 is devoted to full numerical simulations of the system.

2 Shallow water waves with random depth

The shallow water equations are given by [8]
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where 7 is the free surface elevation and u is the horizontal velocity component.
The fluid body is given by H(z,t) = 1+ ¢eh(z) + an(z,t). The parameter « is
the ratio of the typical wave amplitude over the mean depth. It governs the
strength of the nonlinearity. It is assumed to be small. The parameter € is the
order of magnitude of the fluctuations of the depth, which are described by
the stationary zero-mean random process h(x). It is assumed to be small. We
shall see that the suitable scaling between ¢ and « to exhibit the interplay
between these two effects is

o= E2C¥0 (3)

where o is the normalized nonlinear parameter which is of order 1. In the
physical world it means that the amplitude of the wave elevation is smaller
than the amplitude of the fluctuations of the bottom, which is itself smaller
than the mean depth. Let us introduce the “deterministic” local propagation
speed

c=+/14+ an, (4)

which does not include the term eh, but it is nevertheless random through
the term an. We can reformulate the above equations in terms of ¢ and u to
obtain
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We define the Riemann invariants

A(z,t) = M_TW’ (7)
B(z,t) = M, (8)
«@
which satisfy
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Note that in absence of random perturbations € = 0, the two Riemann invari-
ants are constant along different characteristics. Taking into account the fact
that o = qe?, we can rewrite these equations in terms of A and B only:

%+(—1+ 3A+B)%_§8h(A+B) 1 )
ot T4 e T2 o 1+a(B-A)/4
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If the nonlinearity parameter is small o < 1, we get back the standard left-
and right-going modes (A and B, respectively) of the hyperbolic linear system.

REMARK. We could have chosen to consider the true “random” local propa-

gation speed
¢=/14+an+eh.

The Riemann invariants are still defined by

. — 2642 y 2¢—2
A(z,t) = u, B(a,t) = outc—2
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They satisfy the following system of equations

A 3A+B. A e0h
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This system seems simpler as the random noise is additive, and not multi-
plicative. However, we must remember that o = €20y, so the perturbation is
already singular in the microscopic scale (t and x of order 1), which leads to
enhanced complications in the macroscopic scales (t and x of order e72). That



1s why we have adopted the formulation in terms of the “deterministic” local
propagation speed c.

We can rewrite the evolution equations for A and B in the following way, up
to terms of order €3,

oA oA {11} [ A
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where b’ stands for the spatial derivative of h and
1 1+el gl
Q(z) 2 (14)
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The system is completed by the initial condition corresponding to a right-going
wave incoming from the homogeneous half-space z < 0

A(z,t)=0, B(z,t)=f(t—1z), t<0,

where the function f is compactly supported in (—oo, 0).

3 Derivation of the effective equation for the front pulse

In this section we perform a series of transformations to rewrite the evolution
equations of the modes by centering along the characteristic of the right-going
mode. We will then obtain a lower-triangular system that can be integrated
more easily. In a second step we shall apply an averaging theorem to this
system to establish an effective nonlinear equation for the front pulse.

The eigenvalues of the matrix Q(z) are +v°(z) with

. _ 1
@) = (15)



We introduce the unitary matrix U

ch
U= J 24ch+2v/1+¢h ( 1 T 93 eht2V/1teh ) (16)

4+ 2eh _ ch 1
2+eh+2v/1+ch

which is such that

UQU™' = +%(x) (1 0 ) :
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We then introduce the modified modes

A, A
—U (17)
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They satisfy
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We shall perform the change of variable

2(z) = / v (z)d' (19)

and we again modify slightly the modes to simplify the equation:

A A h
2Vt = | | @), ) exp <5M> | (20)
B, B 2
Note that % = L h(z(z)). We still denote this quantity by 4/, so A, and
B, satisfy

o [ As 101\ 9 (A4 wi{o1 Ao
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We consider the reference frame that moves with the right-going mode By

T=1-2, (22)

so that the equation now reads

o [ A, 20\ 8 [ A, wlo1) [ A,
R— = [R— —_— 5‘_
9z \ B, 00) 97\ B, 4810/ \B,
34, + B 0 A
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The equation for B, can be integrated as

By(z,7) = / Se(y, 7)dy + f(1), (24)

Sply, )= —E@Aﬂy, T) + 52%(142 + 332)@(% ) + O(e?). (25)

or

Note that we consider propagation distance z of order €72, but as we are
interested in the front pulse we only consider local times 7 of order 1, lying in
some interval [0, T] with fixed T.

The equation for A; can be integrated as

T— S8

Ag(z,7) = —% [ Stz + 752 s)as (26)

h'(z)
4

which allows us to claim that

By(z,s) + 52%(3142 + BQ)%(z, ) + O(e%), (27)

Sa(z,8)=—¢ 1 5,

sup |Aa(2,7)| < Ke (28)
z€[0,L/e2],7€[0,T]

and

0A
sup | == (2,7)| < Ke. (29)
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Furthermore we can substitute the integral representation of A, into the one
of B2

By m)=f() = = [ K@) [ Ky +57)Ba ,)dsdy
0 0
+E2%0/B2%(y,f)dy+0(s3(1 +2). (30)

Note that we have eliminated the terms 24,0, B,, 24,0, A,, €2B,0, A,, as
they are of order £* and are negligible for propagation distance of order 2.

We introduce ,
BS(Z, 7—) = B2(E_2, 7—)

which satisfies

c 1 7 Y r Yy o T—8 . T— 38
BQ(z,T)=f(T)—3—2 / h’<5—2> / WG+ T By + 227, s)dsdy

30‘0 Ny + 0(c). (31)

By applying the Khasminskii’s averaging theorem [14], we get that Bj con-
verges to By solution of

By(e,m) = (1)~ o [ ABo(y,m)dy + 25 / 32332 wr)dy,  (32)
0

where the operator A is

/(;51 F(r—s)ds= Bqﬁl (5) 1[0700)(-)] * F'(T), (33)
$1(y) = [h'( )W (z + y)]. (34)

In the Fourier domain

o] o]

/ AF(P)e™Tdr = by (2w) / F(r)emdr, (35)
b (w) = / 1 (T)em dr, (36)



and it is straightforward to check by integrating by parts that

by (w) = —iwep(0) 4+ w?bo(w), (37)
w) = / ¢o(y)e™Vdy, (38)
0
¢o(y) =E[h(z)h(z + y)]. (39)
Accordingly,
632 _ (;50(0) 632 ~ 3C¥0 632
0 8 or + LB+ TB2 or’ (40)

where L is a pseudo-differential operator. £ behaves like a diffusion for small
frequencies, but it decays to zero for high-frequencies signals. Its symbol is

by (2D) D?

L=-2

In terms of the true mode B, we have to take care of the change of variable
z — z(z). In the macroscopic scales

ﬁ_f o+ &
z2(=) = 22 8/ )2dz’ + O(e), (41)

so that it converges as
T oo 1 1
Z(E_2) - 6_2 4 E\/bO(O)Ww + §¢0(0)$, (42)

where W, is a standard Brownian motion. We can then state the following
proposition.

Proposition 3.1 The front pulse B*(z,7) := B(z/e*,7 + z/¢?), z € [0, L],
T € [0,T], converges to B solution of

s - by (0) 0(0)

B(z,7) = By (IE,T Y W, — 1 IE) , (43)
0B, - 3qq - 0B,

Na—x = ,CBO TBO aT (44)
By(0,7) = f(7). (49)



4 Analysis of the equation for the front pulse

In this section we analyse the main properties of the effective equation for the
front pulse. The important function that imposes the dynamics is

b@@:/Eme@hmmwmx

Note that by(0) is proportional to the power spectral density of the random
process h and is therefore a nonnegative real number. We have proved that
B(%, 5 +1t) converges to B given by (43-44). The Brownian motion W, cor-
responds to a random time shift and L is a pseudo-differential operator that
models the pulse spreading imposed by the random fluctuations of the bot-
tom. £ behaves like a diffusion for small frequencies, but it decays to zero for
high-frequencies. Its symbol is

bo (2D) D?
s

Note that the effective equation for the front pulse depends both on random-
ness (through the function by) and on nonlinearity (through the parameter
CV()).

L=-—

The pseudo-spectral operator £ can be divided into two parts

L=Lr+Li, (46)
2D)D?

£=- e (47)
b;(2D)D?

£, — il 4) , (48)

where b, and b; are respectively the real and imaginary part of by

E[h(0)h(x)] cos(wz)dz, (49)

E[h(0)h(x)] sin(wzx)dz. (50)

In particular b, is proportional to the power spectral density of the random
process h. L, can be described as an effective diffusion operator, while £; is
an effective dispersion operator, since it preserves the energy.

Let us address the case where the power spectral density of the process h can
be considered as constant over the spectral range of f: by(w) = bo. This arises

10



if the typical wavelength of the pulse is larger than the correlation radius of
the medium. In such a case the early steps of the effective evolution equation
is that of the viscous Burgers equation

330 - 8230 3@03 aBO

0w o T g PV

(51)

However new frequencies are generated by the nonlinear term, that may fall
in the tail of the function by. Then the last equation may eventually fail de-
scribing exactly the dynamics of the front pulse, and one must consider the
true equation with the pseudo-differential operator.

The viscous Burgers equation (51) supports self-similar waves or even trav-
eling waves as shown in [24, Chapter 4]. This means that the generalized
O’Doherty-Anstey theory in a nonlinear scenario is not necessarily associated
with attenuation. In a linear framework the effective viscosity generated by
the random fluctuations always give rise to attenuation, but a nonlinearity
can compensate for it and even produces a stable traveling wave. A simple
example is the dam-breaking problem, where an initial step propagates into
the random medium. The corresponding traveling wave is given in [24, Section
4.3].

5 Time reversal of the front pulse
5.1 Time reversal setup

The time reversal procedure consists in recording the transmitted signal at
z = L/e* over the time interval [L/e? + 1y, Le® + 1]. A piece of the recorded
signal is cut using a cut-off function s — Gy, 4 (s — L/e*) where the support
of Gy, 4, is included in [ty, ]:

. L L
B;(t) = B(x = a2t t)Gio 1, (1)

One then time reverses that piece of signal and send it back into the same

medium by changing the sign of the velocity. From the expression of the Rie-
mann invariants (7-8), the left going mode sent back is given by

L L
6_2, 5'_2 + tl - t)Gto,h (tl - t) .

Clo=21=_B-=

_52’
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In the time reversal experiment, the left-going mode is denoted by C' and the
right-going mode by D:
oau — 2c+ 2 oau+ 2c — 2

C(Ib,t) = T, D(Ib,t) = o

REMARK. To record the transmitted signal, we do not need to record both the
elevation n and the velocity u. If we record only n, then we know the expression
of u because we know that it is a right-going mode:

21 +an—2

(67

u =

Furthermore, to re-emit the signal C(x = s%,t), we do note need to generate
both the elevation and the velocity. Indeed, if we generate for instance twice the
elevation with a zero velocity, then this input pulse will split into a right-going
mode, that will go to the right without coming back, and a left-going mode that
is ezactly the desired C(z = %5,1).

The modes C and D satisfy

+ O(g%), (52)

with the initial condition for z > L/&%:
L
C(z,t) =g°(t—2+ =), D(z,1)=0, t<0.
£
Note that ¢° is compactly supported in (0, c0):

L L
it — )G (B — 1) (53)

g9°(t) = —-B(z = 202

The goal of this section is to determine the shape of the transmitted wave at
z = 0 around the expected arrival time L/e* + ¢;:

L
Ci(t) = Cla =0, 5+t +1). (54)

12
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Fig. 1. Forward scattering problem.
0 C(L/e? 1) = g°(t)
—_— -
C(0,1) D(L/e,1)
e —_—
0 L/ z

Fig. 2. Time reversal setup.

5.2 Derivation of the effective for the refocused pulse

As in Section 3 we shall rewrite the evolution of the time-reverted wave by
centering along the characteristic of the left-going mode. Here we shall obtain
an upper triangular system. The integration and averaging follow the same
lines as in Section 3.

We introduce the modified modes

2 = ¢ z(z),t) ex Eh(:v(z))
(D2)<z,t>—U(D)<<>,t> p (10 (59

which satisfy

a [C, 10\g[cC, wilo1l) {c,
R— = JR— —_— 6_
9z \ D, 0-1) 9\ D, 4310/ \ D,
3C,+ D 0 C
perlo [ TR T 1 ) oE. 6
4 0 C,+3D,] 9%\ D,

We consider the reference frame that moves with the left-going mode C

T=t+Z—Z(E£2), (57)

so that the equation now reads

13



a [ C, 00\ o (C wilol\ [ c,
R — R —£—
9z \ D, 0-2/ 907\ D, 4310/ \ D,
3C,+ D 0 C
perlo [ TR 1% LoE). 8
4 0 C,+3D,] 97 \ D,

Integrating the equation for D, along its characteristic and substituting into
the integral representation of C, establishes that, for z € [0, z2(L/e?)],

#(%5) r
g2 7 T—38
Gy =g () = = [ W) [Hy-T520 5)dsdy
1 0
300 7 ac
_g2°% ota
k. / G52 (y,7)dy + O(¢). (59)
Introducing
L
Cs(z,7) = Cala(5) = 2,7),
we get the equation
62 z T , L
Cylz,7) =9°(r) — / / W (5) - 1)
, L T—S8 T—S8
W((5) —y = —5)Cy ~ ,5)| dsdy

_23 [, 0Cs
& 0/03 5 (y, 7)dy + O(e).

The refocused pulse in terms of C5 reads as
L L L
Car(m) = Cs(2(5), T+t + 5 — 2(55)) + O(e).

Remember also that

¢(1) = ~Bole(5), 5 — 2(5) 411 — )G (1~ 7) +0().

We then shift and invert Cj:

Ly_n.

L
Ci(z,7) = =Cs(2, 1 Tt~ 3(62

C, satisfies

14



aen) =it - o [ [ ek -

L T—S8
M) v+ TR0 > 5)] dsdy
3a oC

0/04 5w T)dy +0(e), (60)

where I I I
95(7) = Bale(55), 7)Guoas (55) = 5 +7) +06)

The integral over s in Eq. (60) actually goes from T to t; + 5 — (%) because
C, vanishes for 7 > #; + ( 7). The refocused pulse in terms of C, reads
as

O (r) = ~Ca(a(5), =) +0(e).

We can now apply the averaging theorem. We get that Cy converges as ¢ — 0
to C} solution of

z

- 1 ~ 3 aC
Cilz7) = 9(r) = 15 [ A Caly, Ty + =2 / Gty (6D)
0

where the function g is

g(1) = By (L, T — ¢0é0) L) Giota (7’ + fjéo) Wi, + ¢08(0) L) (62)

and the operator A* is

- / bi(=3)1(r = 5)ds = [361 (~5) Toso ()] + £(0). (63)

In the Fourier domain

/ A F(r)e dr = by (20) / F(r)emdr. (64)
Accordingly,
304 _ (;50(0) 304 4 ﬁ*é4 _ 3C¥0 04304 (65)

0z 8 Or or’
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where

Lr=L,— L, (66)

The refocused pulse Cy,. also converges to

Cyr(7) = =Cy(L, —7). (67)

Performing a final time shift allows us to state the following proposition.

Proposition 5.1 The refocused pulse Cf, converges as € — 0 to

étr(’r) = _éO(L7 _7—)7 (68)
where
36’0 _ ~ ~ 3@0 ~ 36’0
e e I R (69)
CO(O7 7—) = BO(L7 T)Gto,tl (7— + Td) ) (70)
/b0 (0) ¢0(0)
Ty= %% L 71
d \/i L+ 4 ’ ( )
330 _ ~ ~ 3@0 ~ 330
) 5, = LBy + L;By + 1 By 5. (72)
B0(077—):f(7—)7 (73)

and the pseudo-differential operators L, and L; are defined by Egs. (47-48).

5.3 Random linear case

In this subsection we assume that the nonlinear parameter o = 0. This case
is already known in the white noise case [13], so we shall just remember the
reader with this result and also extend it to the colored case. Taking the
Fourier transform in Egs. (69-72) yields that the transmitted pulse is

B(t) = Kopa(t — Ty), (74)
where the convolution kernel Kpp4 has Fourier transform

b Quw?L by (2w)w?L
4

e 4 . (75)

KODA(CL)) =€

16



The refocused pulse is

b0(2w)w2L_b0(2w’)w’2L T
_CtT / / 1 1 e Z(w w )Td
27r

X Gy (w — W) f(W")dw' duw

where G’to,tl, resp. f, is the Fourier transform of Gio 1, Tesp. f. If the front is
completely recorded, then we can substitute 1 for Gy, and &y for Gy, , so
that the refocused pulse is:

—Cp(—t) = Ky  f(2) (76)

where the convolution kernel has Fourier transform

by (2w)w2L
2

Ky(w)=e" (77)

The important statement is that the contribution of the random time delay
and of the effective dispersion £; have been canceled by the time reversal, but
the contribution of the effective diffusion £, has been multiplied by 2.

5.4 Homogeneous nonlinear case

In the homogeneous case, the dynamics of the pulses By and Cy are governed
by the inviscid Burgers equations:

300 _ ?)CV()CY 300

0z _i4 " o1’ (78)

CO(O7 7—) = BO(L7 T)Gto,tl (7—) ’ (79)
330 _ 3@0 ~ 330

02 4 Bo or’ (80)

By(0,7) = f(7). (81)

These equations can be solved by the characteristics method [8]. If L < Lgpeck

4 1
LS OCi .
hock = 3aq nfitr {f’( )}

then the forward equation (80) has a well-defined solution By which satisfies

for any 7:
By (Lr = 22f()L) = ().

17



Similarly, if L < LShOCk,27

4 1 ~
Ls oc = 5 i - y =B L7 G y
hock2 = 5 T}gr,r(ligo{ g,(T)} 9(1) = Bo(L, 7)Gio t, (T)

then the backward equation (78) has a well-defined solution Cy which satisfies
for any 7':

Co (L7 + 22 Bo(L,7)Guots (1)L) = Bo(L,7)Groes (7).

Choosing 7' = 7 — 2% f(7)L in the last equation:

CO 3@0 3@0 3@0

L+ 232 4(0) (G (7 = “L2H(D)D) = 1) E] = £(7)Groes (=24 (D)D),

Accordingly, if T is such that Gy, (1 — 32 f(7)L) = 1, then Cy(L,7) = f(7).
In the particular case where the front is completely recorded, then Lguocx2 =
Lgpoc, and L < Lgpoc = C’O(L, -) = f. In the homogeneous case, either the
propagation distance is smaller than the shock distance, and then time reversal
completely rebuilds the initial pulse shape. Or the propagation distance is
larger than the shock distance, and then time reversal completely fails as
there is no uniqueness of the solution.

5.5 Random nonlinear case

To simplify the analysis we shall assume the white noise approximation and
take bo(w) = by. We also consider that we completely record the transmitted
front pulse. In this configuration, applying the Cole-Hopf transformation [8],
we get a closed-form expression for the refocused pulse:

2%, 7 -G8
~ 0
Cp(—t) = -2 |1y / _ < ——ds (82)
(&%) oo / e?;;_(()) f(;g F(s")ds" e_ (Sb—OSL) dsl
—00 ¢

where [-], stands for a differentiation with respect to .

Consider figures 3-5. We address cases where the transmitted pulse is strongly
affected by nonlinearity. In particular the dot-dashed lines in figures 3a-4a-5a
plot the transmitted pulse shapes in absence of randomness computed from
the characteristics method, which show that a shock would have arisen before

18
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302 g 02
5 0 3 o0
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Fig. 3. Transmitted pulse shape By(L,-) (picture a) and refocused pulse shape
—Cy(—-) (picture b). We assume that the front pulse is completely recorded. The
initial pulse is the derivative of a Gaussian f(t) = —texp(—#2/2). We compare the
nonlinear configuration a9 = 4 with the corresponding linear configuration g = 0.
The parameter 5=0.2.
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Fig. 4. Transmitted pulse shape By(L,-) (picture a) and refocused pulse shape
—Cy(—-) (picture b). The same as in figure 3, but we consider here stronger fluc-
tuations by = 1.

reaching the mirror. In such configurations refocusing by time reversal cannot
be achieved as uniqueness of the solution is lost. In presence of randomness the
effective diffusion prevents from shock formation (solid lines, figures 3a-4a-5a).
It then appears that the time reversal process succeeds in compensating for
the nonlinear effect (solid lines, figures 3b-4b). We should consider strongly
nonlinear cases to detect a noticeable departure between the refocused pulse
shapes in the linear and nonlinear cases, which appears as a steepening (solid
line, figure 5b).

6 Numerical experiments

In this section we will illustrate the results obtained in the previous sections by
performing full numerical simulations. We start by describing the numerical
setup for the computer simulations regarding time-reversal in transmission
(TRT). The code used is for a three-dimensional shallow water system [5]. For
one-dimensional experiments the following reduced (one vertical layer system)
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Fig. 5. Transmitted pulse shape By(L,-) (picture a) and refocused pulse shape
—Cy(—-) (picture b). The same as in figure 3, but we consider here stronger fluc-
tuations by = 1 and a stronger nonlinearity oy = 16.

is utilized, for which the lateral velocity V will always be zero.

6.1 Numerical setup

The shallow water equations used in the numerical simulations are of the form

Vi+ UV, + VV;/ = =gy (84)
m + [HU, + [HV] =0, (85)

where the body of fluid is described by

H(z,y,t) = n(z,y,t) + h(z/e,y).

Since the code is in dimensional variables we control nonlinearity through
the amplitude of our initial data and the background (average) depth hy.
Nonlinearity corresponds to the amplitude-to-depth ratio . To normalize the
shallow water speed we choose our parameters so that it is equal to one in the
flat regions: namely we set g = 1/hg so that (ghg) = 1. Several linear validation
experiments were presented in [12,18,19] and the numerical solution exhibited
very good conservation properties over large propagation distances.

Equations (83-85) are discretized by an implicit, semi-Lagrangian technique
which accomplishes the objective that the stability of the scheme does not
depend on the celerity. A fixed staggered grid is defined on the horizontal
plane. For the present one-dimensional experiments we have three lines of
grid points along the horizontal direction, of which only the middle one is
relevant [5,12]. It runs through the middle of the one-dimensional channel.
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The other two are used for lateral boundary conditions. By a semi-Lagrangian
technique we mean that the numerical transport is performed in an Eulerian—
Lagrangian manner, relying therefore on the interpolation of the respective
grid point-values at the backward-characteristic points of departure. Details
are given in Casulli and Cheng [5] and the references within.

Recently this numerical scheme was thoroughly tested in the presence of a
random medium and compared to theoretical linear O’Doherty-Anstey results
[19]. It was also thoroughly tested for linear time-reversal in reflection [12],
where the nonlinear study was initiated. In all simulations the initial pulse is
given by the derivative of a Gaussian

n(z,0) = U(z,0) = =10« (z — zjo) exp <_(x0_708$]0)2> (86)

and is centered at node z;o. Its effective width is equal to one.

6.2 Homogeneous nonlinear recompression

Nonlinear 1D acoustic (laboratory) experiments were reported by Tanter et al.
[23]. An interesting fact mentioned in [23], concerns the difficulty to carry out
laboratory experiments, “for very broadband signals, would require transduc-
ers with a huge bandwidth” which makes the experiments a “near impossible
task”. Hence the initial condition in [23] was a monochromatic sinusoidal wave.
The pulse utilized in our numerical simulations is broadband. The nonlinear
mechanism for energy transfer to the higher harmonic components during for-
ward propagation is precisely the point investigated by Tanter et al. [23] in
their laboratory experiments. The main goal of their experiments is to check
for the reversibility of the energy transfer. The laboratory experiments are
carried out for a nonlinear sinusoidal wave propagating in a homogeneous
medium. The energy reversibility among harmonics is broken only for prop-
agation longer than the shock formation distance. This shock distance corre-
sponds to the critical time £, calculated from Burgers equation. Consider Burg-
ers equation u; + uu, = 0, u(z,0) = « h(z). Clearly t. = —1/(a K (z.)).
In the simulations we will consider waves of the form

In this case t. = 1/(10«), corresponding to the point with the largest negative
slope (z. = 0).
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Fig. 6. TRT over a flat channel. Top: Initial condition (dashed line) and numerical
solution (solid line) for @ = 0.01. The critical time is t, = 10 and the computed
time was ¢ = 6.25. Bottom: to the right is the time-reversed wave elevation. To the
left is the refocused wave (solid line) and the initial profile (dashed line).

In our first experiment we illustrate nonlinear time reversal in a homogeneous
medium. As will be shown this amounts to energy recompression in Fourier
space, namely an inverse cascading of energy from higher wavenumbers up to
lower wavenumbers.

We solve the nonlinear shallow water system (83-85) in a flat channel (i.e. a
homogeneous medium) with initial condition (86) (e = 0.01; z;o = 10). At
critical time ¢, = 10 a shock will form. With Az = 0.01 and At = 0.0025
we are able to propagate numerically our pulse all the way up to ¢t = 6.25
before spurious oscillations arise due to the mesh coarsening along the steep
front. Increasing the resolution we can go further in time. The steep front (at
time t = 6.25) is presented in the top part of figure 6 where it was shifted for
comparison with the initial profile (centered at zo). The steep profile is time-
reversed, propagated backward and it “refocuses” at the origin z;y as seen
at the bottom part of figure 6. There is no inhomogeneity and therefore no
multiple scattering. Here refocusing (or recompression) should be understood
in Fourier space. In figure 7 we can see the cascading of energy in Fourier
space through the generation of higher harmonics due to nonlinear interaction.
At the end of the forward simulation the Fourier spectrum is about 5 times
broader that at ¢ = 0 (solid line). After time reversion the back propagated
pulse is such that the Fourier spectrum recompresses back to its narrower
band (dashed line coinciding with solid line). This experiment is of the same
nature as in [23] but for a broadband initial data.
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Fig. 7. At the center (solid line) we have the absolute value of the Fourier amplitudes
for the initial data: |77(/a7,\0) |. The generation of higher harmonics is depicted by the
dotted line, which represents the spectrum at ¢t = 3.0, and by the dashed line (at
the final time ¢ = 6.25). The Fourier spectrum of the time-reversed data is the wider
dashed line and the spectrum of the refocused pulse is represented by the dashed

line coinciding with the solid line.

6.3 The O’Doherty-Anstey theory and apparently viscous shocks

Now we consider inhomogeneous (disordered) media. The influence of the to-
pography is felt through the depth function H(z,y,t). The disordered medium
is constructed by sampling a given number of random heights which are allo-
cated at the one-dimensional mesh points. The correlation length of the disor-
dered medium is represented by ¢ = mAxz, m > 1, in the simulations. These
random heights are then connected by straight lines to form the synthesized
topography. The channel has a total length of L units while the disordered
topography covers only part of it (c.f. figure 8). In the following experiments
we use the mesh Az = 0.0025, Ay = 0.1 and A¢ = 0.000625. These discretiza-
tion parameters were chosen in order to get the desired accuracy and proper
physical behavior when the nonlinear pulse interacts with the rapidly varying
random medium (e = 0.01). Note that in this case m = 4. The fluctuations
are 60% of the average depth in all experiments throughout this paper. These
values were adjusted so that we could capture the desired features of the anal-
ysis, such as the apparent viscosity of the effective Burgers equation in section
4. In particular we want to capture the viscous shock profile. They were not
chosen due to stability requirements. We set o = 0.004 through the initial
data which leads to £, = 25. We chose this value so that we can propagate
the inviscid Burgers solution for a longer time interval (than in the previous
example) and compare it with its corresponding viscous profile as presented
in figure 9. The waves have propagated about 18 units and the inviscid profile
is steep. We clearly see the viscous shock due to the stochastic forcing.

To emphasize this viscous shock (stochastic) mechanism the evolution of the
nonlinear wavefront is observed at different times. They are centered about
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Fig. 9. The dashed line represents the inviscid (flat bottom) solution and the solid
line the “apparently viscous” solution in the presence of a disordered topography.
The inviscid solution was slightly shifted for a better comparison of the slopes. The
dotted line represents the initial profile.

the solution at ¢ = 6.25 in figure 10. Over a flat bottom the pulse continuously
steepens under the “Burgers-like” nonlinearity (bottom of figure 10). In the
presence of the stochastic forcing, promoted by the disordered topography,
the dynamics is effectively governed by a viscous Burgers equation of the form
Up + Uly = Vg, u(x,0) = ah(z) as presented earlier. A complete analysis
of the viscous shock structure is presented in Whitham [24] (Chapter 4; in
particular section 4.4). The shock structure scales according to the R~!, where
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Fig. 10. “Apparently viscous” profile (top) and inviscid profile (bottom) at 8 differ-
ent instants in time (with intervals equal to 1.25), all centered about the solution
at ¢ = 6.25.

this Reynolds number is defined as R = «/(2v). Moreover after the viscous
shock reaches its limiting O(R™') transition layer a traveling wave arises as
indicated in Whitham [24] (section 4.3). At the top of figure 10 the traveling
wavefront regime (effectively speaking) can be clearly observed. The wavefront
ceases to steepen and saturates on a given scale. We have verified numerically
that for increasing values of « the front saturates at a smaller R~! value, while
increasing the € of the disorder the slope becomes milder: larger correlation
lengths imply in larger effective viscosity v.

6.4 Nonlinear time reversal in transmission

In this section we illustrate time-reversal in transmission for a pulse that has
propagated beyond its critical distance. We let o = 0.01 which implies that
t. = 10. In figure 11 we have the initial profile to the left and two time-reversed
data to our right (shifted above the free surface for better visualization). The
time-reversed profiles were recorded at ¢ = 13.75 and £ = 15 both greater than
t.. As discussed above we have a viscous shock steeper than those presented
in figure 10 because nonlinearity has been increased. But we are not in the
situation described by Tanter et al. [23] because our wavefront developed into
a viscous shock structure and not into a discontinuity, as in [23]. The time-
reversed profiles are back-propagated into the disordered medium and refocus
at the origin ;o = 10 as expected. We can not tell the difference between the
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Fig. 11. Refocusing beyond the shock distance (vertical dotted line). The initial
profile (dashed line) is to the left and two time-reversed data are to the right
(shifted above the free surface for better visualization). The time-reversed profiles
are back-propagated into the disordered medium and refocus at the origin z;o = 10
at ¢t = 13.75 and ¢t = 15 respectively.

two refocused profiles.

7 Conclusion

In this paper we have addressed the propagation of nonlinear water waves in
a disordered one-dimensional topography. In the presence of properly scaled
stochastic forcing the solution is regularized leading to a viscous shock profile
which depends on the degree of nonlinearity and on the power spectral density
of the random fluctuations of the bottom. We have actually shown that the
transmitted wave is governed by an effective viscous Burgers equation. We
have also considered time-reversal problems and shown that the regularization
effect allows us to extend the reversibility of the dynamics beyond the shock
critical time.

We believe that these results can be extended to other nonlinear systems. For
instance, the gas dynamics equation, or the nonlinear acoustic equation [23],
can be written directly from the shallow water equations if we consider a poly-
tropic gas with adiabatic exponent equal to two [24]. We believe that nonlinear
systems that support Riemann invariants are likely to behave qualitatively like
the model addressed in our paper.
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