A time-reversal method for an acoustical pulse propagating in randomly layered media

J.F. Clouet and J.P. Fouque*

Centre de Mathématiques Appliquées Ecole Polytechnique 91128 Palaiseau Cedex France email*: fouque@paris.polytechnique.fr

Received April 1996; revised November 1996

Abstract

In the recent years a considerable amount of mathematical work have been devoted to the study of reflected signals obtained by the propagation of pulses in randomly layered media. We refer to [1] for an extensive survey and applications to inverse problems. The analysis is based on separation of scales between the correlation scale of the inhomogeneities present in the medium, the typical wavelengths of the pulse and the macroscopic variations of the medium. On the other hand, in the context of ultrasounds, time-reversal mirrors have been developed and their effects have been studied experimentally by Mathias Fink and his team at the Laboratoire Ondes et Acoustique (ESPCI-Paris). We refer to [2]. Our goal is to present a mathematical analysis of a time-reversal method for analysing reflected signals in the model described in [1]. We restrict our analysis to the one-dimensional case, the threedimensional layered case being the content of a forthcoming paper. It is noticeable that we do not introduce new mathematics in the problem but simply put together an already existing mathematical theory and a new device, the time-reversal mirror.

1 Introduction

A time-reversal mirror is, roughly speaking, a device which is capable of receiving an acoustic signal in time, keeping it in memory, and sending it back into the medium in the reversed direction of time. We shall exploit here the possibility of sending back only a part of the reflected signal after time-reversal. The idea being that the content of the reflected random signal around the arrival time t is related in some way to the macroscopic properties of the medium at a depth corresponding to a travel time t/2. Sending back, in the time-independent medium, this portion of the signal, the new reflected signal should contain more information about the properties of the medium at this precise depth. It will turn out that this method enables us to have direct access to quantites such as local correlations of the reflected signal without any computation, these correlations being made by the medium itself and therefore

1

2 THE MODEL 2

very robust.

In the next section, we present a simple one-dimensional model containing the main property of separation of scales. The third section is devoted to the mathematical analysis of our method in the particular case of uniform background (i.e. without macroscopic variations). In the fourth section, we extend our method to macroscopically varying media and we discuss the possibility to improve estimates needed in the inverse problem.

2 The model

We are not looking for generality and we restrict ourself to the most simple model containing the main features of the problem. Let us consider the wave equation in one dimension of space: 1 c(x)^2

∂^2u ∂t^2 − ∂^2u ∂x^2 = 0 (1)

where^1_{c(x)2} =^1_{c0(x)2} (1 + η(^x_{ε2} )) for 0 ≤ x ≤ L, c_0(x) being a smooth function matching constants on x ≤ 0 and x ≥ L; η is a random centered fluctuation, bounded by a constant strictly less than one; we assume η to be stationary with nice mixing properties; ε^2 is a very small scale corresponding to the correlation scale of the inhomogeneities present in the medium. Introducing the pressure p, equation (1) corresponds to the acoutic equations: { ρ(x)^{∂u}_{∂t} (x, t) +^{∂p}_{∂x} (x, t) = 0 1 K(x) ∂p ∂t (x, t) +^{∂u}_{∂x} (x, t) = 0 (2)

where we have set the bulk modulus constant equal to 1 and ρ(x) =^1_{c(x)2} . We could have also considered a randomly varying bulk modulus and introduced a linear dissipation term like in [3]. The boundary conditions are expressed in terms of the right and left going waves:

A = p + u A(0, t) = 1 ε^γ f( t ε ) B = −p + u B(L, t) = 0 (3)

where f is the pulse shape, f(^t_ε ) containing wavelengths of order ε; ε^{−γ} is the magnitude of the incoming pulse: γ = 0 corresponds to amplitudes of order 1, γ =^1_2 to energies of order 1 and γ = 1 to strong energies.

The second boundary condition on B at x = L, expresses the fact that nothing is coming from +∞. Let us remark that the hyperbolicity of equation (2) implies that the reflected signal at x = 0, B(0, t) for t ≤ T , is independent of L provided that L has been chosen large enough. Our quantity of interest is the reflected signal viewed in various scales in time. In the following paragraphs we recall the results, obtained by G. Papanicolaou and his coauthors, on the limiting law, as ε → 0, of B(0, t + εσ), namely the reflected signal in a time window, centered at some macroscopic time, in the ε-scale.

3 Uniform background

We consider the case c_0(x) = 1 for all x. Changing variables and rescaling (3) as follows: { a^ε(x, σ) = A(x, x + εσ) b^ε(x, σ) = B(x, −x + εσ) (4) we obtain the boundary conditions:

a^ε(0, σ) = 1 ε^γ f(σ) b^ε(L, σ) = 0 (5)

and our quantity of interest becomes: B(0, t + εσ) = b^ε(0, t ε + σ) (6)

Denoting by â^ε and b̂^ε the Fourier transforms in time of a^ε and b^ε (â^ε(x, ω) = ∫ e^{iωσ}a^ε(x, σ)dσ and similarly for b^ε) we obtain the equation: d dx [ â^ε b̂ε ] = iω 2ε η( x ε^2 ) [ 1 e^{−2iω x}ε −e^{2iω x}ε −1 ] [ â^ε b̂ε ] (7) with boundary conditions:

â^ε(0, ω) = 1 ε^γ f̂(ω) b̂ε(L, ω) = 0 (8)

We consider also similar quantities â^ε_1 and b̂^ε_1 which solve (7) with boundary conditions: { â^ε_1(0, ω) = 1 b̂ε_1(L, ω) = 0 (9)

By linearity, we get [ â^ε b̂ε ] =^1_{εγ} f̂(ω) [ â^ε_1 b̂ε_1 ] . We have now a Fourier representation of the

reflected signal (6): b^ε(0, t ε + σ) = 1 2π ∫ e^{−iωσ}e^{−i ωtε} 1 ε^γ f̂(ω)b̂^ε_1(0, ω)dω (10)

Let us remark again that, while b̂^ε_1(0, ω) depends on L, b^ε(0,^t_ε + σ) does not for t + εσ < T .

3.1 Regime of constant energy

In the regime of energy of order 1, γ =^1_2 , it has been shown [4], that (B(0, t+εσ))_{σ∈IR} converges in distribution, as ε → 0, to a centered stationary gaussian process; the full mathematical proof of this convergence involves regularization in the t−variable [5]. The covariance C^ε_{t,f} (σ) = IE{B(0, t)B(0, t + εσ)} can be computed from (10): C^ε_{t,f} (σ) = 1 4π^2ε ∫ ∫ e^{−iω2σ}e^{i ω1tε} e^{−i ω2tε} f̂(ω_1)f̂(ω_2)IE{b̂^ε_1(0, ω_1)b̂^ε_1(0, ω_2)}dω_1dω_2 (11)

where we have used the fact that B(0, t) is real. Setting ω_1 = ω + εh, ω_2 = ω, we get: C^ε_{t,f} (σ) = 1 4π^2 ∫ ∫ e^{−iωσ}e^{ith}f̂(ω + εh)f̂ (ω)IE{b̂^ε_1(0, ω + εh)b̂^ε_1(0, ω)}dωdh (12)

A careful analysis of (7) at two nearby frequencies shows that C^ε_{t,f} (σ) converges to: C_{t,f} (σ) = 1 2π ∫ e^{−iωσ}Λ(ω, t)|f̂ (ω)|^2dω (13)

which is the covariance of the limiting stationary gaussian process, Λ(ω, t)|f̂ (ω)|^2 being its spectral density. In the case of uniform background Λ(ω, t) can be computed explicitly: Λ(ω, t) = αω^2 (1 + αω^2t)^2

(14)

where α = 1 4 ∫ ∞ 0 IE{η(0)η(x)}dx. The Fourier transform in σ of B(0, t)B(0, t + εσ) is an estimator of Λ(ω, t)|f̂ (ω)|^2 with an exponential asymptotic law.

3.2 Regime of constant amplitudes

Let us consider the case γ = 0. The representation (10) of the reflected signal becomes: B(0, t + εσ) = 1 2π ∫ e^{−iωσ}e^{−i ωtε} f̂(ω)b̂^ε_1(0, ω)dω (15)

The time-reversal method consists in sending back into the medium a portion of the timereversed reflected signal B(0, −t).

This is done physically as well as mathematically by multiplying B(0, t_0 + t) by a cut-off function G(t), reversing time and considering B(0, t_0 −t)G(−t) as a new pulse g(^t_ε ) in the ε−scale so that g(σ) = B(0, t_0 − εσ)G(−εσ); the function G(t) can be anything like^1_{2M} 1I(−M, M)(t) or 1 √ 2πM e^{− t} 2 2M2 where M is a fixed constant. A simple computation shows that:

ĝ(ω) = ∫ e^{iω} 0^t0_ε^

f(ω^′)b̂^ε_1(0, ω^′) 1 ε Ĝ(ω − ω^′ ε )dω^′ (16)

where, of course, ĝ(ω) is random and ε-dependent.

Sending back this pulse into the medium gives a new reflected signal denoted by S^ε_{t0} (σ) when observed around the same time t_0 and in the ε−scale. Using (16) and (10) with f̂ replaced by ĝ one gets:

S^ε_{t0} (σ) = 1 2π ∫ ∫ e^{−iωσ}e^{−i (ω} �ω0)t_{0ε}^

f(ω^′)b̂^ε_1(0, ω^′)b̂^ε_1(0, ω) 1 ε Ĝ(ω − ω^′ ε )dω^′dω (17) Again the change of variables ω^′ − ω = εh gives:

S^ε_{t0} (σ) = 1 2π ∫ ∫ e^{−iωσ}e^{it0h}f̂(ω + εh)b̂^ε_1(0, ω + εh)b̂^ε_1(0, ω)Ĝ(h)dhdω (18) Let us remark that if we observe the reflected signal S^ε_{t1} (σ) at a time t_1 ≠ t_0 a term e^{−i t1} �t_{0ε ω} is introduced in the integral which will make S^ε_{t1} (σ) goes to 0 as ε → 0. Taking the expectation in (18) gives:

IE{S^ε_{t0} (σ)} = 1 2π ∫ ∫ e^{−iωσ}e^{it0h}f̂(ω + εh)IE{b̂^ε_1(0, ω + εh)b̂^ε_1(0, ω)}Ĝ(h)dhdω (19) The asymptotic analysis of IE{b̂^ε_1(0, ω + εh)b̂^ε_1(0, ω)} and the smoothing in time by Ĝ(h) gives the convergence:

lim_{ε→0} IE{S^ε_{t0} (σ)} = ∫ e^{−iωσ}f̂(ω)(Λ(ω, t) ∗ G(t))(t_0)dω = S_{t0} (σ) (20)

Moreover, when computing IE{S^ε_{t0} (σ)^2} one observes that we get terms such as:

IE{b̂^ε_1(0, ω + εh)b̂^ε_1(0, ω)b̂^ε_1(0, ω^′ + εh^′)b̂^ε_1(0, ω^′)}

which have been shown to have the same limit as:

IE{b̂^ε_1(0, ω + εh)b̂^ε_1(0, ω)}IE{b̂^ε_1(0, ω^′ + εh^′)b̂^ε_1(0, ω^′)}

for two distinct frequencies ω and ω^′ (cf [6]). This shows that S^ε_{t0} (σ) converges to the deterministic limit S_{t0} (σ). It has already been observed in [1] that the smoothing in time kills the fluctuations in the reflected process. In our model this smoothing in time is physically introduced in the time-reversal method. In other words, by Fourier inverse, Ŝ^ε_{t0} (ω) is a convergent estimator for 2πf̂(ω)(Λ(ω, t) ∗ G(t))(t_0).

3.3 Low frequency information

Using (14) we see that lim_{ω→0} Λ(ω, t) ω^2

= α which means that^{Ŝt0 (ω)}_{ω2} for small ω^2 is a convergent

(as ε → 0) estimator for 2παf̂(0)Ĝ(0). This remark is important in the inverse problem treated in the next paragraph; let us remark here that this low frequency estimate will be useful only for pulses such that f̂(0)Ĝ(0) ≠ 0. Ĝ(0) = ∫ G(t)dt can always be chosen equal to 1 such as in the two choices suggested above. The condition f̂(0) = ∫ f(t)dt ≠ 0 is much more restrictive; in practice the device emitting the pulse contains a low frequency filter which imposes a frequency spectrum bounded away from 0 which implies f̂(0) = 0. For the same reason when we are sending back the time reversed pulse g(σ) we should include a cut-off function K(ω) in formula (16) which will give a factor K(ω) in the integral (18) defining S^ε_{t0} (σ) and then K(ω)f̂(ω) in the integral (20) defining the limit S_{t0} (σ). Nevertheless, it will be possible to choose K(ω)f̂(ω) = f̂(ω) on the support of f̂ which makes formula (20) correct.

3.4 Time-reversal in the high energy regime

We consider the case γ = 1 which makes the entering energy of order ε^{−1}. Replacing G(t) by G_ε = G(^t_ε ), which means that we send back a portion of the reflected signal B(0, t) of time duration ε, (16) becomes:

ĝ(ω) = ∫ e^{iω} 0^t0_ε 1 ε f̂(ω^′)b̂ε_1(0, ω^′)Ĝ(ω − ω^′)dω^′ (21)

and Ĝ(h) has to be replaced by Ĝ(εh) in (18); Ĝ(0) being again chosen equal to 1 we then get:

lim_{ε→0} IE{S^ε_{t0} (σ)} = ∫ e^{−iωσ}f̂(ω)Λ(ω, t_0)dω (22) S^ε_{t0} (σ) is then a possible estimator for 2πf̂(ω)Λ(ω, t_0). Its asymptotic law can be computed on its moments; this law is dependent upon G.

4 Nonuniform background

We are now in the situation of the model presented in section 2; the inverse problem consists in reconstructing c_0(x) by analysing the reflected signal. The analysis presented in the previous paragraph can be extended by introducing the travel time τ defined by: τ(x) = ∫ x 0 dy c_0(y)

(23)

As it is shown in [4], in the case γ =^1_2 , C^ε_{t,f} (σ) given by (12) converges to C_{t,f} (σ) given by (13). Λ(ω, t) is not explicitly computable anymore. It is given by an infinite hyperbolic system, the W-equations: ∂W^{(N)} ∂x − 2N c_0(x) ∂W^{(N)} ∂t − 2ω^2αN^2 c_0(x)^2

{W^{(N+1)} − 2W^{(N)} + W^{(N−1)}} = 0 (24)

with boundary conditions: W^{(N)}(L, t, ω) = δ(t)δ_{N,0} , W^{(N)} = 0 for N < 0 The spectral density Λ(ω, t) is given by Λ(ω, t) = W^{(1)}(0, t, ω).

We refer to [4] for the derivation of these equations from the Riccatti equations satisfied by b̂ε_1(x, ω) and the corresponding asymptotics.

Here again lim_{ω→0} Λ(ω, t) ω^2 gives a direct way to reconstruct^{c0(x)}_α , since it gives^α_{c0(x)} at x such that τ(x) =^t_2 .

As explained in the previous paragraph, Λ(ω, t) can be estimated only within the spectrum of f which, in practice, doesn’t contain 0. Therefore the inverse problem goes through the resolution of the W-equations and matching of c_0(x) to the observation of W^{(1)}(0, t, ω) = Λ(ω, t); we refer to [7] for the inversion procedure. In any case the quality of the inversion relies strongly on the quality of the estimation of Λ(ω, t). Several methods, based on the reflected signal, have been proposed: a window Fourier transform is used in [1] and a wavelet transform method is proposed in [8]. These methods involve computations of covariances of the reflected signal. The time-reversal mirror method consists in having these computations done by the medium itself, in the time domain by nature; this enables us to stay as much as possible in the time domain and hopefully to get more robust estimates. Unfortunately it is difficult to test this method numerically because numerical simulations are usually done in the frequency domain. We are presently working with M. Fink on the possibility of testing this method experimentally.

4.1 Estimates in the regime of amplitudes of order 1 (fl = 0)

As shown in the previous paragraph, S^ε_{t0} (σ), given by (18) and obtained in the time domain by the time-reversal method with a function G(t), gives a convergent estimator for 2πf̂(ω)(Λ(ω, t)∗ G(t))(t_0).

Let us remark that in the low frequency regime (ω → 0) the division by ω^2 translates into the estimation of a second derivative at ω = 0 and therefore the estimation can be obtained directly in the time domain through the integral − ∫ σ^2S^ε_{t0} (σ)dσ divided by ∫ f(σ)dσ. As already mentioned this estimate is useless in the case f̂(0) = 0.

We have denoted by M the size of the support of G(t); our estimation imposes ε^2 ≪ ε ≪ M. On the other hand the quality of the inversion of the W-equations depends on the choice of a time step Δt ≪ 1. The convolution of the W-equations by G(t) requires that M ≪ Δt; putting these conditions together, we need that ε^2 ≪ ε ≪ M ≪ Δt ≪ 1. This is not the case in the numerical simulations done in [1] where a pointwise (in time) estimation of Λ(ω, t) is clearly needed.

4.2 Estimates in the high energy regime (fl = 1)

Choosing γ = 1, as in the last section of the previous paragraph, the time-reversal method with G_ε(t) = G(^t_ε ) gives a pointwise estimator for f̂(ω)Λ(ω, t_0); the fact that this estimator is obtained in the time domain makes it very robust and it leaves the possibility to adjust the function G which enters explicitly in the law of S_{t0} (σ). Taking M, the support of G_ε, in the range of several wavelengths (M = nε) should improve our estimation (experimental results show that n = 4 is enough).

4.3 Estimates of higher moments

In this section we show that it is possible to use back and forth into the medium to construct estimators for the higher moments W^{(N)}(0, t, ω), N > 1. This idea has been been very succesful in selecting targets as explained in [9].

Rewritting equation (18) in the general case of amplitudes of order ε^{−γ} and using a cut-off function G_ε(t) = G(^t_{ερ} ) with ρ ≥ 0, we obtain the reflected signal:

S^ε_{t0} (σ) = 1 2π ∫ ∫ e^{−iωσ}e^{it0h}ε^{−γ}f̂(ω + εh)b̂^ε_1(0, ω + εh)b̂^ε_1(0, ω)ε^ρĜ(ε^ρh)dhdω (25)

We now use this signal as a new pulse sent into the medium (without time-reversal). This will produce a reflected signal which we cut-off around another time t_1 with a new cut-off function H_ε(t) = H(^t_{εδ} ) for some δ ≥ 0. After time-reversal this signal is sent back into the medium and gives a new reflected signal denoted by S^ε_{t0,t1} (σ). With the same compution used to obtain (25), we get:

S^ε_{t0,t1} (σ) = 1 2π ∫ ∫ e^{−iωσ}e^{it1h}Ŝ^ε_{t0} (ω + εh)b̂^ε_1(0, ω + εh)b̂^ε_1(0, ω)ε^δĤ(ε^δh)dhdω (26)

From (25) we deduce Ŝ^ε_{t0} which, computed at ω + εh and replaced in (26), gives:

S^ε_{t0,t1} (σ) = 1 2π ∫ dωe^{−iωσ}ε^{δ+ρ−γ} ∫ ∫ dhdh^′e^{it1h}e^{−it0h} 0^ f(ω + ε(h + h^′))Q^ε(ω, h, h^′)Ĝ(ε^ρh^′)Ĥ(ε^δh) (27)

where Q^ε(ω, h, h^′) denotes the product {b̂^ε_1(0, ω)(b̂^ε_1(0, ω + εh))^2b̂^ε_1(0, ω + ε(h + h^′))} involving three frequencies.

Writting e^{it1h}e^{−it0h}0 = e^{−it0(h+h}0^)e^{i(t0+t1)h}, fixing t_0 + t_1 = t > 0 and integrating in t_0 (from 0 up to t by causality), the integral with respect to t_0 reduces to a Dirac mass at h = −h^′ and we get: ∫ t 0 S^ε_{t0,t−t0} (σ)dt_0 = 1 2π ∫ dωe^{−iωσ}ε^{δ+ρ−γ} ∫ dhe^{ith}f̂(ω){(b̂^ε_1(0, ω))^2(b̂^ε_1(0, ω +εh))^2}Ĝ(ε^ρh)Ĥ(ε^δh) (28)

In order to get a convergent quantity with a nontrivial limit we must choose δ + ρ = γ: for instance, taking δ = γ and ρ = 0, we get a convergent estimator for W^{(2)}(0, t) appearing in the W-equations (24).

Iterating this back and forth procedure we are able to construct robust estimators for W^{(N)}(0, t) for N as large as needed. This can be used to improve greatly the inversion procedure for the coefficient c_0(x).

It is noticeable that formulas such as (28), in the case N = 2, correspond to multiple scattering of the wave.

5 CONCLUSION AND COMMENTS 9

5 Conclusion and comments

We have presented the time-reversal mirror method in the context of one-dimensional acoustic equations. Using an already existing mathematical analysis of this model in the diffusionapproximation limit, we have shown how this method may improve the estimates needed in the inverse problem. We have also described a method for obtaining estimates for higher order moments by using a back and forth procedure with time-reversals. We are presently working on experimental tests for this method.

In a forthcoming paper we shall give results on the time-reversal method in the case of threedimensional layered media in the framework of [1].

The mathematical analysis relies strongly on the fact that 1-d or 3-d layered random media localize waves. This means, in particular, that the transmitted energy at frequency^ω_ε decreases exponentially with L or equivalently that the reflected energy |b̂^ε_1(0, ω)|^2 is exponentially close to 1 as L goes to +∞. 3-d random media are known to be localizing in the high frequency regime [10]. This is an indication that the behavior of the time-reversal method in a 3-d random medium should be qualitatively the same as in a 1-d random medium; this is supported by experimental observations. Unfortunately no mathematical analysis, at the present day, can describe quantitatively the relation between the reflected signals and the medium.

The authors are members of the CNRS research group ”Propagation d’Ondes en milieux Aléatoires et/ou Nonlinéaires” and they greatly benefited from several talks given by Mathias Fink.

References

[1] M. Asch, W. Kohler, G. Papanicolaou, M. Postel and B. White, ”Frequency content of randomly scattered signals”, SIAM review 33, No.4, 519-625 (1991).

[2] M. Fink, ”Time reversal mirrors”, J.Phys.D: Appl.Phys. 26, 1333-1350 (1993).

[3] M. Asch, G. Papanicolaou, M. Postel, P. Sheng and B. White, ”Frequency content of randomly scattered signals, Part I”, Wave Motion 12, 429-450 (1990).

[4] R. Burridge, G. Papanicolaou, P. Sheng and B. White, ”Probing a random medium with a pulse”, SIAM J. Appl. Math. 49, 582-607 (1989).

[5] G. Papanicolaou and S. Weynrib, ”A functional limit theorem for waves reflected by a random medium”, Appl. Math. Optimiz. 30, 307-334 (1991).

[6] R. Burridge, G. Papanicolaou and B. White, ”Statistics for pulse reflection from a randomly layered medium”, SIAM J. Appl Math. 47, 146-168 (1987).

[7] G. Papanicolaou, M. Postel, P. Sheng and B. White, ”Frequency content of randomly scattered signals. Part. II: Inversion”, Wave Motion 12, 527-549 (1990).

[8] J.F. Clouet, J.P. Fouque and M. Postel, ”Spectral analysis of randomly scattered signals using the wavelet transform”, Wave Motion 22, 145-170 (1995).

REFERENCES 10

[9] C. Prada and M. Fink, ”Eigenmodes of the time reversal operator: A solution to selective focusing in multiple-target media”, Wave Motion 20, 151-163 (1994).

[10] R. Carmona and J. Lacroix, ”Spectral Theory of Random Schrödinger Operators”, Birkhäuser, Probability and Its Applications (1990).